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P F all the Mathematical Sciences, 

!the DoSirine of Fluxions is the 
moft extenfive and fublime. By 
ft this, many Difficulties, unfiir- 
mountable by any other known Method, 
are folved with uncommon Expedition, Ele- 
gance, and Eafe. 

The Lengths of curve Lines, the Areas 
of plane curvitineal Spaces, and the Sur&ces 
and Solidities of convex Bodies; though in 
fome few Figures they ipay be determined 

by 
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by the jincients Method of Exhauftjons, 
Cayalerius*s Geometry of Ifldivifibles, or 
/ Dr. Ti^/ZrVs Arithmetic of Infinites *! yet, 
the FluxionJ^l Method is the only one by 
which they can be obtained in General. 

* • «. 

Fluxions are likewife a General Method 
for determining the Maxima and Minima of 
Quantities ; drawing Tangents to Curves, 
finding their Points of Inflexion, and the 
Radii of Curvature. By this Method alfo, 
, pre derived Theorems for calculating of Sines, 
Ts^ngeQts, and Secants ; and for making 
Logarithms of any Form whatever. Nor is 
it confined here } but extends to the invefti- 
^gating a great Variety, not only of other 
Mathematical, bpt alfo pf Fhilofophical Pro- 
bfenjs, 

The Method tfFluxiot^ was firft invented 
about the Ye^r, 1665, by that Prippe of 
Mathematicians and Philofpphers the late 
Sir Ifadc Newton^ then Mr. Newton about 
23 Year* old.: B^t, 51s he g^ve no public 

Specir 
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• ^ • The Geometry of Indivijibles^ was firft printed in 
the Year 1635 ; and the Anth/mtlc of Infinites^ in 
the Year 1656. 
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Specimens thereof till the Appearance of 
his excellent Princspia in the Year 1687, 
the celebrated German Mn Godfrey William 
LeibnitZy to whom it was communicated in 
the Year 1 676, applied it in the AMa Eru-^ 
ditarum printed at Leipfic in 1 684, to a few 
Maxima and Minima, and Tangents to 
Curves, and therein claimed the Invention 
himfelf.—— Their Notatimt indeed are dif- 
ferent*; and, as Quantities are, by both, 
in Efieft, confidered as produced by conti- 
nual Increafe, after the fame Manner as Space 
is deicribed by a Body in Motion, ihftead of 
the Velocity with which a Quantity flows at 
any Point or Term of the Time in which it 
IS fuppofed to be generated, called by Sir 
Ifaac a Fluxion, Leibnitz takes the Increment ^ 
or little Part generated in an indefinitely 
fmall Portion of Time, and calls it a Diffe-- 
rMtiaL^'^-'^Buty as entering farther into the 
Cootroverfy u foreign tomyDefign, thofe 

who 



* Leibnitz denotes die Differential of any variabk 

Quantity x^ by dx ; its Second Differentialy by ddx. 

' And Sir Ifaac^ for its Fluxion, writes x » for its Second 

• Fluxion^ X : but in his Principia^ flowing Quantities are 
, cxprefled by the capital Letters X, Y, 2, and their 
Fluxions by the fmalhLctters x, 7, «, refpeftivcly* 
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who are inclined to fee more thereof^ I mud 
refer to the Ommercium EfnftoUcum^ pub- 
lifhed by Order of the Ri^al Society ^ or to 
Mx.RapbJbn'% Hifi(»y ofFluxitmsy wherein^ 
Sir Ifaac is fully proved, the Origioal Inveo-> 
tor oi this noble and moft ektenfi?e Me« 
thod« 



Severai. excellent Treatiles have been 
xnrrote on the Subjed $ but, gs they appear 
not calculated to introduce the young Begin-* 
ner into this ^ifani& and difficult Science i 
ioy in Order to his underftanding them, a 
plain and eafy IntroduSiim feems to be Ne- 
celTary : And for that End, the Firfi Im^ 
freffim of the following Traft, publiflied ifi 
the Year 1 75 1^ was wholly deiigned* 

In ^is Jecmd Edition^ I have made many 
confiderable Alterations and Additttms ; by 
which it is rendered much more plain, full, 
and correal than the former. — ^It is divided 
into Two Parts : The Fir/l treats of the 
pireSi Method of Fluxions-, in which, from 
the generated Q^ntity or ^uent being given, 
we find the Fluxion : And the Second, of the 
Inverfe Method j wherein^ from the Fluxion 

being 
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being known, we find the, Fluetit ♦• Arid, 
at the End, is added, an Appendix^ con(ain<- 
ing mifcellaneous Qucftions with their An- 
fwers; which could not well be inferted 
with the Examples for lUuftration, and to 
fome of which there was Occafion to refer. 

Those Things in the former Edition oc- 

- f 

cafioqed by Hints communicated by an inge- 
nious and learned Friend, are in this fecond 
ftill retained ; but, thofe Others in which 
another Hand was concerned, are here 
omitted. 

In Order to a thorough Underftanding of 
this Intrcduffiony it is requifite that the 
Learner be well acquainted with Arithmetic, 
Algebra, Geometry, Plane-Trigonometry, 
Conic-Se£tioDS, and the Nature of Loga- 
rithms. But, fince m«iy geometrical and 
algebraical Treatifes, give not the Defcrip- 
tions, and from thence the Dedudion of the 

Properties, of fome Curves to be found in 

a the 



« 



♦ The Dirf^ Method of Fluxions^ as delivered by 
Leibnitz^ is, by Foreigners, called Calculus Different 
tialh I and the Imerfo M^thod^ Gakulus Integratis^ 
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the following Shetts ; nor the Method of re- 
<}ucing Quantities into Infinite Series^ and the 
new Way of noting their Powers and Roots, 
neceffary to be ufed in Fluxional Tra<5bs ; 
therefore, thefe Deficiencies are herein fup^ 
plied, though they do not immediately re- 
late to the Bufinefs in Hand. 
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Of tbe^ Prinpiples of Fluxions, and of the 
New Notation in Algebra. 

IN this Doiftrinc, Quantities are fuppofed 
ta be generated by continual Jncreaf?, 
after the Manner of a Space which a Body 
in Motion defcribes. Thus, a Line is fup- 
pofed to be generated by a Point iii Motion, 
9, Supeffipies by a Line^ and a Solid by a 
/Superficies^ 

6 , PE- 
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DEFINITION I. 

I. Fi^uxioN, is the Velocity with which 
a Quantity> at any Point or iTerm of it^ 
flows (X increafcs. 

Thus, if we 
fuppofe the in-> 
definite right 
Line A B to 
move with a 
parallel Motion 
along the Axis 

. A X, or fo as 
always to be 

'parallel to its 
firft Situation.; 

* and, at the feme 
Time, fuppofe a Point to move from A 
along the faid Line AE, fo as to generate 
or always -to be in the Curve AD : Then, the 
Velocity with which the End or Point A, of 
the Line AE, arrives at any Point C, or, 
which is the fame, the Velocity with which 
the Axis flows or is generated at any parti- 
cular Point C, is the Fluxion of the Abfeifs 
AC at that Poiiit : The Velocity with which 
the Point moves along the Line AE at any 
Point B, is the Fluxion of the Ordinate at 

that 
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that Pobt: Attd, the Velocity \?kh which 
the Point generates or moves along the Curve 
at any particular Point B, is the Fluxion of 
the Curve at that Point. So likewife, the 
Velocity with which the curvilineal Space 
I A C B flows, or is generated by the Line 
A'E, at any Term C B, is the Fluxion of the 
faid curvilineal Space at that Term. 

2. Now, if the Velocity with which any 
Quantity flows, or is generated, be at every 
Point or Term the fame ; that is, if it be 
neither accelerated nor retarded ^ the Fluxion 
of it will likewife be at every Point or Term 
the fame : But, if this Velocity be continually 
increafed or diminifljed 5 then, there will be 
a certain Degree of Velocity y or Fluxion^ pe* 
culiar to every Pointy or Term of the Thing 
deicribed ; And, the Velocity wherewith thcr 
given Velocity, at any Point or Term, is ei- 
ther accelerated of retarded, is called the 
Fluxion of the Fluxion^ or the Second Fluxion, 
And, again, if this Acceleration or Retdrda- 
tion be not unilbrm, but is increaled with dif-* 
fcfent Degrees of Ptoportion at difl?ercnt 
Points or Terms; then, the Velocity ^ or Swifts 
nefsy of this Acceleration or Retardation, is 
called the third Fluxion. And fo 6n», 

^z de;. 
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DEFINITION IL 

3. Incremeint, is the indefinitely fmal 
Increafe of a Quantity, generated in an in- 
definitely fmall Particle of Time. 

Thus/ if we 
fuppofe 6c inde- 
finitely near and 
parallel to theOr- 
dinate B C, and 
Be parallel to the 
Abfcifs AC; then 
C c, or its equal 
Be, will be the 
Increment of the 

Abfcifs AC ;^^ 
iht Increment of 

theOfdinateCB; 
*B^ the IncrC" ^i 
ment of the Curve A B ; and CB be the In-^ 
crement of the curvilineal Space ACB. 

4. Now, if nd he fuppofcd indefinitely 
near and parallel to 6 r, and i m equal and 

' parallel to B ^ or ^ ^ ; then, the Difference 
between e b and m n, is called the Increment 
oj the Increment, or the Second Increment 5 
i. e. the Increment of eb, or Second Increment 
of C B. And, again, if i/be fuppofcd inde- 
finitely 
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finitely near and parallel to » dy and n r equal 
and parallel to btn ox df-y then, the Difft- 
rence between the Second Increment and the 
Difference oimn and r f , is called the Third 
Increment of CB. Andfoon. 

5, Note, When a Quantity, inftead of in- 
creafing, is continually diminiflied; then, 
the indefinitely fmall Particles by which it is 
leffened, are not called Increments, but De^ 
crements : And both Increments and Decre^ 
fnents are fometimes called Moments. 

6. Now, if we fuppofe the Abfcifs A C to 
flow on with an uniform Motion, or equal 
Parts of it to be defcribed in equal Times ; 
its Increment will accurately exprefs, or be 
exactly as its Fluxion ; fince Velocity is al- 
ways as the Space uniformly defcribed in a 
given Time :' And, if the Curve B b did 
exaSlly coincide with the Tangent or right 
Line T B G ; it is evident, that then, the Incre^ 
ments B 6 and i e, would likewife be defcri- 
bed with uniform Motions, and with the fame 
Degrees of Velocity with which the Curve 
and Ordinate refpedbivcly flow at the Point 
B ; that is, the Increments B 6 and 6 e, would 
then be accurately as the Fluxions of the Curve 
and Ordinate at the Point B. But, fince no5 
two Points of the Curve are coincident with 

the 






6 An IHtKObV CTIOJ^ (0 the 

I 

the Tangent, and therefort the Velocities 
with which the Increments afe gener ated, are 
4iontinually varying ih every Point ; fo there- 
fore, die Increments and Fluxions are not in 
an exa£l Proportion to each other ; or, • thd 
Increments do not accurately ttlieafurc the f^- 
hcities or Fluxions v^ith which they begirt 
to be generated. However, as the Point B 
is continually nearer to a Coincidence with 
the Tangent B G, the nearer it approaches 
the Point of Contadl B J fo, therefore, if.wc 
conceive the Ordinate tST^, to move back^i 
till it coincides with C B ; then, the very firft 
Moment before its Coincidence, the Curve 
B b and right , Line B G, will be infinitely, 
or rather indefinitely near to a Coincidence 
with each other ; and confequently, in that 
Cafe, the Increments B b and i e will con[ie 
indefinitely near to meafure the Fluxions of 
the Curve and -Ordinate, or the Velocitiis with 
which they refpedtively How at the Point B# 
Or, becaiile the -Particles of Time in which 
any Increments are generated, are fuppofed to 
be indefinitely fmall, and confequently the 
Acceleration or Retardation of the Velocity 
with which they are generated muft be fo 
too ; therefore, they are indefinitely near in 
Proportion to the Fluxions of the Qiwntitics 

of 
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of which they arc Increments : But, when 
the Ratio fcom that of Equality, is but in- 
definitely fni^l, Of left thaa can be aiTigned, 
it may be confider'd as equal* -, and there- 
fore, the. hcttemenfs may be taken as Pro- 
portkrialt^^ or (beeaufe Velocity is oxpreffed 
by the Space unifoKpily defci*ib«l in a given 
Time) Jer the Pltttnms in all Operations t 
and, on the contraiy, the NUxhns for the In" 

7. Khk. Tbosb QuantitJes which »e fup- 
ipB&& ta flow, or to be generated by contintiid 
Iacreafe» are cgU^ Fbtems, vaidi itarMile or 
'jkmns Quantities : and tho& which admit 
of DO YariMkaii, (as theParame^ of a Pa. 
fftho^ 1^ DiaoQClBr of « Circle, ^<>.} are 
. caUed^/ncaet/'^ g^^t andinvansik Quan*> 
titie8.-^^^TJie Eeghttwig of ^ Alphabet, 
viz* OyitCfJ; &c,. is uftd to' exprefs inva* 
rkhk Qu^tidcs; and the End, viz, z, y, at, 
We. variaik (xjnuut^ Quantities. And the 
J%m0ftfof thofe vaiii^dee, viz* z^y x, &Ci are 

rc^itively denoted by «, ^, x, &c, and 
thra: Second J^Kxtms^ of the Fbtxions 

of 



» ■ t' » * ' 



* This was, in dkEU allswed bf Ai« aneieAt Ge«melri' 
1^1^ Eucrtd, JrMmdfs, Ac. 
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of JK, yy Xy &c. by 2, ;f, jf, ©"tf. their 

7^;W Fluxions, or the Fuxiins of 2?, ^, x, €^^# 
• • • • • •. 

by ^» J^> ^j ^'^^ And fo on. Alfo, the 
Moment, Increment, or Increment, of z, is 
denoted by 2;', of y by /, of x by Xy.&c. 
And, the Second Moments, Increments, or JD^- 
crements of 2:, jf, >;, Qfr. or the Moments^ 
Increments or Decrements of 2;',- /, x, (^Ct 

by 2;", /, ^", G^r, And fo on. The 

Fluxions and Increments, &c. of invariable 
Quantities, viz. of tf, 6, c, d, e, &c. are =a^. 

S.Note. Thosb Fluents which are fup- 
pofed to be generated in the fame Time, or 
in equal Times,:* are called contemporary 
Fluents ; and the Fluxions of thefe contempor 
rary Fluents, are called contemporary Fluxions. 
Now, it is evident, if two, or more, of thefe 
contemporary Fluents^ are always equal, or in 
any certain, conftant Ratio to each other, that 
their contemporary Fluxions will likewife be 
equal, or in the fame Proportion : And that, 
on the contrary, if two, or more, of thefe 
contemporary Fluxions are always equal, or in , 
any certain conitant Ratio to each other, their 
contemporary Fluents will likewife be equal, 
or ill the iame Proportion. 



Doctrine of FLUXIONS. 9 

W £ come now to find the FJuxtans of 
FkentSj or the Velocities with vfYAcYi Jhwing 
^tfantities increafc or decreafe at any Terms 
afiigned ; the Bufinefs of which^ is odled die 
DireS Mefbod of Fluxions. But, before we 
{NX>ceed, H may, perhaps, be neceilary to 
premile a few Things concerning 

T«E NEW Method of Notation in 

Algebira *. 

9. The Index of the Power, to which any 
Quantity is to be raifed, is here placed as the 
Numerator of a Fracflion, whofe Denomina- 
tor is the Index of the Root to be extradted. 

Thus, ^xx is here exprened by x\ oc xr; 
and^xxx.by :d', and *^x by xlj and i/'a-^x 

by i+x[^ : Alfo •; is cxpreffed by-r or 

i/'XX *^ 

x-^i and '^ — by or aJ^x]—^ 

and -— by at-'. 

Now, in any geometrical Pro^eflion, 
whofc firft Term is Unity y or i j if we take 
an arithmetical Progreffion, whofe firft Term 

C is 



* This was introdiictd bj the celebrated Dr. Wallis. 



is 0^ and wboib ittcond Term (or co|bMon 
Diflfcrence) is the Indesr of thp Qgaiit^ty ifi^ 
the fecopd Term of the geometrical I^ro* 
greilon^ then, the Nt^mbcr v(k ?iny Term' 
of tfae^ arithmetical fVogreHiOf)} wift ^ th# 
Indesc of dae Qumti^ in the coi'ftfpondifig 
Term of thp geoMecrical Frogre^dfii ; An<) 
therefore, the arithmetic^ M^ap hefwcen th? 
Nttmbers in «ny tw'o Tprms of arithmetic^ 
Progreffion^ witl be the Indent 6f the g^ome-f 
trical M^n between the Qwtntitiea ia th^ 
two correfpondipg Term? of the geomelrt'f' 
cal Prpgrcfiion. 

Thus, in the geometrical Progreffiot^ 
I . x\ . x^ .xi.x^.xi.x^. Gff, where the 
common Multipficr is xi*. If we take the 
arithmetical Progreffion o. ^ • i • -f . a • 4^ • 3 r 
&c. wherein the convnon DifFerencej or 
Qijantity added, is i ; the Number in cither 
of the Terms of the arithmetical Progrc£f 
fion, i3 the Index of the Quantity in the.corr 
rcfponding Term of the geometrical Progret- 
lion : And the arithmetical Mean betweeii 
the Numbers in any two Terms of the arith- 
metical Pi^ogreflion, is the Index of the geo- 
metrical Mean bctwecp the Quantities in the 
two correfpomJiRg Tctms pf Ac geome- 
trical frogreflion. For Inftance, 4, the 4th 

Term 



iTerai of the .arithmetical ProgrefHon, is the 
Index of .x^^ the 4th Term of thie geome* 
trical Progrefiion! And^ Ihe arithmeticaji 
Mean between 4^ aiod 4 (the 2d and 6th 
1Ci9nm of the aritimietical Prpgreflion) .which 
is 4s ^ the Index^ of the geometrical Mean 
hetween a?? and Mi (the famd two Terms 
lof the geometrical Progreffion) which ^ 
^1* -*^ So Hkcwiie, pi the defcendiqg gepncie^ 

^ical ProgreHion^ or Series^ ii — *-^« — *— ^* 

xi ^' 

x^.^r^\&c. where the common Divifor 
is xl ; if we take the arithmetical Series 

the Nuaiher in any T^rm of the arithmeti-* 
cal Series^ will be the Index of the Quantity 
in the correfponding Term of the geometri- 
cal Scries : Thus, — I, the 4th Term of the 
arithmetical Series, is the Index of xr^^ the 
'fame Term of the geometrical Series. And^ 
(the -arithmetical Mean between any two 
Terms in the arithmetical Series, is Ihe In^ 
dex of the geometrical Mean between the 
feme two Terms in the geometricail Se- 
ries: As, for Inftance, the arithmetical 
Mean between — \ and — 4- (the 2d aiid 6th 
Terms of the arithmetical Series) -which is 

C 2 ^h > 
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«— ^9 ifi the Index of the geometrical Mean 
between Ar-4 and ^—4 (the 2d and 6th Terms 
of the geometrical Series) which is x-^. 

Hence, we may obferve, that, in the 
Exponents of Powers, Addition has the Ef- 
fect of Multiplication on the refpedive 
Roots ; and Multiplication of Involution : 
And, e contra^ Subtraction of Divifion ; and 
Divifion of Evolution : Or that, in a Word, 
Exponents of Powers, are entirely Logarithm 
mical with regard to their Roots. 



So that X'YX^ isz=:X ' ' z=:X J 






^ s=x I X J isssxtssx . And, Uni- 



verfally, x«xx« is=x«+»-_ is=:**--*5 x«j 
: xH« isssx»: and — .1S=:X««— * = 



UK 






X « : Where Note^ tf, w, », reprefent 

any affirmative, or negative Whole*number$, 

or FraAions whatever. 

If what has been faid, be duly confidered, 

no Difficulty in this New Natation will oc* 

cur ; the Knowledge of which, is abfolutely 

neceifdry, in Order to the well underftand- 

ing^the following Chapters. 

CHAP, 
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CHAP. II. 

Of Jading the Fluxion tf a given Fluent, 

. Rule I. 

10. ^ofnd the Fluxion ^^ fimple Fluent^ 
er^ of that wherein there is but one n)Mi^ 
abk Letter. 

Mark the variable Letter/ or flowing 
Term, with a Dot ovar it. 

Thus^die d 
Fluxion of 
axhzsz ax. 
• For^ if we 
fuppofe the 
variableRec- 
tangle AB, 
to be geno-ated by the given Line C B^ iet- 
ting out from the Situation A D» atid mov- 
ing along with a parallel Motion between 
the parallel and indefinite Sides AC and DB ; 
it is evident, the Velocity with which die 
Redangle flows, is equal to the generating 
Line C B drawn into the Velocity with 
which the Point C generates, or moves along 
the Line AC: that is, the Fluxion of the 
Rectangle A B, is equal to t^e invariable 

Line 
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line C B drawn into the Fluxion of the 
flowing or variable I;}neA<^. Therefore, 
if ADorCBssrtf, and AC or DBass^x, 
then the Fhxim of the Redhuigle a x will 
hcssia\x=iax^ 

RuxE II. 

!!• Tafnd the Fluxion of ibe ProduSifiwo 
er more ^^ntities drawn into each other. 

r 

MuLTiPLV the Fiwif/^« of each'Quanti^ 
feparately, by the other, or the ProduA of 
the reft of die Quandfiet : And the Sum of 
thefe Products will be the Fluxion reguired. 

Thus, the Fluxion bf x^ is = x ^ -|- i*r j^ ; 
the Fluxion of axyisssz oxy^^aiy^.^xy^ 
i. c^iaxy-^-axy I the Fluxion of ^xy z 
h=^xy z-^-xy z^xyz-, and the Fluxion of 
nxysik zs^axiy jz-^ji xy z ^Mxy i. 

1^. That the Fluxion. of xyhs^xyJ^ 
xy^ may J>e. thus d^monftrated. 

Suppofe a Line, coincident .with the .in- 
definite right Line A F, to move with a,pa^ 
railel Motion along the indefinite right Line 
AE;-and, at the fame Time, another, co- 
incident with the Line A E, to move with a 
parallel Motion along the Line A F j and 
that the faid two Lines move with fuch dif- 
ferent Degrees of Velocity, that their Points 

of 
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of Irntef- r^ 



>«U«M •••«««•««• «««»^>M»«. 



fedion 



I' 
I 

m 

I 



it 
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•» 
H 
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lit ^ 

Cfarte A 

r. lW 2> 

B erf the ^ 

^(irkw C H parallel to A F, and T>G paraBet 
(o A E, ■ Then, hf the Lfaie moving^ 
^)ong the lyine AE, wHl the comlinealSpace 
A fi I and Redangie D E be generated ^ and^ 
Jrjr the Line raoiing along the Line A P, the 
curviKned Space A F I and Redtangie CF 
wiH bp generated. Viovr^ before the Line 
nroving along the Line A E arrives at the 
Sttu^n C H, it is evident, that, the cur- 
?3ineal Space A E I will increafe Jlower^ cm: 
flow with a lefs Degree of Velocity than 
die Reftangle 1> E, and afterwards with 
9 greater ; therefore, at the Term C B, they 
will flow with one and ihtfame Degree of 
Velocity. So likewife, the curvilineal Space 
A F I will flow or increafe flower ^ or with a 
lefs Degree of Velocity, than the Reftanglc 
CF, before the gcneratmg Lmc, moving 

along 
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along the Line A F, conies to the Situation 
D G; and ajterwardsj fafier^ or with a 
greater Degree of Velocity ; and therefore, : 
at the Term D B» they will increafe or flow 
with an equal D^ree of Velocity. That is> 
the Fluxion of the curvilineal ^)ace A. EI, 
is, at the Term C B, equal to the Fkixim of 
the Redlangle D E at the faid Term CB; 
and, the Fkxim of the curvilineal Space API, 
is, at the Term D B, equal to the Fluxion 
o£ the Rectangle C F at the fame Term^D B. 
But, by Article lo. the Fluxion of the 
Reaangle DE, at the Term CB, is equal, 
to C B drawn into the Fluxion of A C ; and 
the Fluxion of the Redtangle CF,, at the 
Term D B, is equal to D B drawn into the 
Fluxion of A D. Hence, therefore, the 
Fluxion of the flowing Rectangle A C B D 
(which ^is the Sum of the two curvilineal 
Spaces A C B and A D B,) is equal to the 
Sum of C B drawn into the Fluxion of A C, 
added to DB drawn into the Fluxion of 
A D : that is, if we put A C or D B=: at, 
and A D or C B =^, the Fluxion of the 
Redtanglc xy will be = xy-^xy. 

2^. He n c e, and from Article 8. the 
Fluxion of a xy is = ^ xy-^-axyy for, fince 
xy is always in the flxt Ratio to a xy^ of i 

to 
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to a ; therefore tbt Fluxion of xy is to the 
Fluxion of a xy^ as i to ^ : that is, i:a 
iixy'\'Xyiaxy'^axy=zihc Fluxion of 

axy. 

3^. And, that the Fluxion of xyz is = 

i jf 2; -f- ^ j' ^ + ^^J' ^> ™^y '^"^ ^ proved. 
Let the Length, Breadth, and Depth, of a 

Parallclopipedon, be reprefented by x, y^ 
and Zy refpcftively. Now, this Parallelo^ 
j^pedon, will be equal to three Pyramids, 
whofc Bafes are xy^ xz^ and yZy and Al- 
titudes Zy y^ and x, refpeSively : And there- 
fore, xbatSum of the Fluxions oiihtic Pyramids, 
will be equal to the Flupcion of the Parallclo- 
pipedon xyz. Let either of the Pyramids 
be reprefented as in the Fig: by A E H or 
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ACB, which fuppofe to be generated by 
the variable Plane A F moving with a paral- 



« ■ 



D 



lei 



y8 j^ l}iTKOBl5Cr IQN to t&e 

lei Motion along the indefinite right Lin^ 
AE ; and^ at the fatx^ Time, let the Parallek)* 
pipedonADGE (whofe Face AP org G 
is equal and fimilar to the Bafe of the Pyra* 
mid at the Term C B^) be generated by the 
Plane AD, which is coincident with th^ 
Plane A F. Now, it is plain, that, the Py- 
ramid will increafe^^S^w^r, or flow with a 
lefs Degree of Velocity, thap the ParalHo* 
pipedop, lefor^ the generating Planes arri^ 
at the Term C B j and afterwards^ J<^fi^% 
or with a greater Degree pf Velocity ; Th«re*i 
fore, at the laid Terna C B, they wilj flow, 
or be generated, with the fame or an ^tull 
Degree of Velocity ; But, it is likewife plain, 
that, the Velocity with which the Parallelo^, 
pipedon is generated, is equal to its Face 
A D cm: C B drawn into the Velocity of its 
Motion along the Line or Side A E ; there- 
fore, the Velocity with which the Pyramid 
is generated, is, at the Term C B, equal to 
its Bafe C B drawn into the Velocity of its 
Motion, at the Point C, along the Side A E : 
that is, the Fluxion of the Pyramid A C B, 
is equal to its Bafe C B drawn intathe Fluxion 
of its Altitude A C. Hence then, when the 
Bafe \^ X y and Altitude fz;, the Pluxion of 
jhe Pyramid is ==xyx^=?Aryi ; and, when 

. the 
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Ihc BftTe :is X z and Altitude y^ the FIuia'oH 
of H;: is tssxZHytsixyz j and, laftly, when the 
Bafe is^ar and Altitude *, its Fbttdon is 
psiyxxKpau^Z* ConfcqUcntly, *y»4.;eyj8Ji 
x^a (which i« the 5'aw o£ the FJuxtMs of 
the three Pyramids,) is s=s the F/tfArw« of the 
Paraiielopipedon Ary«. 

Or /*«j. Put xytzs^t); theii *^ 2f=ssy z^ 
and ('yfr/. 8. and Dem. i^.) vt=ixy-\~xyi 
and, the Muxion of ««, w«. -y js -}- 1; ;j is =a 
the F/ttxim of j? j> « .- Therefore, by Refti- 
tntioni, or writing xy for t), and xy ^ xy 
&x Vy we fhali have the Fiuxiou of xyztai 
xyx'^xjfz-^xyzi a& before. 

4*'. And that the F^uxti^ of aXyit is sss 
axyz-\-axj/z-{-axyz, follows from y^, 8i 
and the above Dem, 3 ". for fince xyz : axya 
:: i:ay therefore 1 :aii Fluxion o( xyz 
t Fluxion of a xyz } i. e. i :a:: xyz-\-xyz 

-^xyz : axyz-\-axyz-\-axyzt=i the Fluxisn of 
axyz. 

Hence, 

12. The Fluxion ofxx is t=axx-ycx j tie 
Fluxion of axx is i=iaxx-\-axx j the Fluxiort 
of Ar*x is =wAf;v-{-A:;jA:+:)fx;f j the Fluxion of 
flAXAT is r=tf:)f;eA4-tf A*xx-j-<7;<^ArA' : that is, the 
i%of«w of ** is =2^^;^ J the Fluxion of tf«* 

I>a is 
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is == zaxx 5 the Fluxion of x^ is = 3x*jt 
the Fluxion of ^x^ is zsz^ax^x. And, if i» 
repreients any affirmative or pojitive Whole- 
number, the Fluxion of x« will be=«ix«— "x; 
and the Fluxion oiax^ will htz=max»--^x. 

Rule IIL 

13, To find the Fluxion of a Fraction. 

Multiply the Dcnpminator into the 
fluxion of the Numerator 5 from the Prb- 
duft of which, fubtraft the Numerator drawa 
into the Fluxion of the Denominator : Then, 
divide the Remainder by the Square of the 
Denominator; and you will have the F/wx/w 
of the Frtf<5?/V« required. 

Thus, the Fluxion of -^ \si=- ^ -^ » 

For, putting 2=—; then>2;=x; and the 

Fluxion of this Equation {Jrt. 8. and i.i.) is 
yz-\yz=:M i therefore, by Tranfpofition;'z=x 

--y«, and, by Divifibn, 2;=^^^^ ; ^^ «, 

(by Rcftitution, or writing — for z its c- 

qual,) 
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X 

qual,) z =t±l=2=:±=. the Flmim 

y y* 

of*. 

y ' 1 •-• 

Alfo, the Fluxion of _ is ss-JL. Foe, 

XX* ' 

if we put zz=: — } thenxstesi, and the 

X 

Fluxion of flf z will be =^ the Fluxion of i, 
which (Art* J,) isssOj i. c. /vd^. ii.) 
xz^zszo'. Therefore, xzss-^xZy and z 

__— -x^ (which, by writing for z its equal 

' is) =Ilf= the Fluxion of i-. 

And, after the fame Manner, it may be 
proved, that, the Fluxion of — is = , 

i, e. = • Thus, put 2?=— j then, zx* 

X3 X^ 

=1, and the Fluxion of this, (by jirt. 7* 
II. and 12.) is zx^ 4- 2zxx = o j therefore, 

i;x»s=— azxx", andzssZI . (which, by 

writing -Lfor its Value z, is)' =1i£ff sZilH 

= -the Fluxion of — . 

And 
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And thus it may be proved, that, the 

X^ X* x^ 

the Buxton of-- is s s ^J^ zs^H^: And 

But, by the Ne^tv Notation (Article 9.) 

X x^ x^ x^ 

ifixix*"*; QV* And* I^i6ajc-^^r-'^X|IIl£fL 

43:;:::— t2X~3x ; — i- is3C='--3X---4^ j ZI!lf« 

Hence, 

14. The Fluxion of ^""^ is = — r—^^v j 
the Fluxion oior^^ is=: — aor^Jx' ; the Fluxion 
id a;— 3 is =:i— j;^— 4x ; the Fluxion of x— 4 
is= — 4Ar— 5x; Gfr. And, if ;» be made to 
rcpftfent any Negative Whole* number, th« 
Fluxion of x^ will be zsxmxf^^^x. 

Rule IV. 

15. ^ojind the Fluxion (ff an Expr^on tonu 
pounded of different TCerms or ^antitiei 
connected together by the Sigm 4- ^nd — . . 

Find 
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F 11? P th« i^^^iw. of etcb Term by <Sie 
preceding Rules ^^ which connedl togothor 
^^th the Signs of |he refpe^e Termss ^d 
you wiH bftve the Fluxim reqtstreiL 

Thus the Fluxion of ^Ar-|-^*— « is=;tf;c-f- 
2^ — z. For, putting uAr+Z — ^^=5*1; ; tfcii 
^Xr)r|««B«v4-2;^' And, It is evident, th^ &» 
of the Ftuxim of a^ and ji* nwift be equal 
to the Sum of the Fhxions ofni aed »; that 

is, ax-^zyyss^u^z i therefore, by Tranfpo- 

fition, a:i-\-2)y^-^zs=vzr:ihc Fluxion of ax^ 

And, the Fluxion of Jif— tf*^-|"*y is=^r-« 
d^ y\i^ l^jy ^ And, the- J^uxisn of 4Ia;'-1' 



J 6. 7i /W /i&^ Fluxion of any Power ^ a 
Fluent ^ flQwinf Qgafttity s whether the 
Index ^^ Integral or FraSiiondy Affirma^ 
pive or Nfg^tive. 

Multiply the whole Term by the 7«- 
dtx of the Power 5 then fabtradl i from the 
faid Ifukx f and mul^ly this whoUc Term 
hy the Fluxion, of the Root of the Fluent : 

and 
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and you wUI have the Fluxion of the Power 
required. 

Thus, the Fluxion of x -j- x*l' is r=r 
yc^6xx*, die Fluxion of ^-[-^1*"^ is:=:— 



the Fluxion of 2tfx— ;c*ji is=4x2^Ar — x*\^ 
Tcziax-^zxx, i. c. = 2ax — x*\^ xax—xx, 
i. e. (becaufc by Article 9. zax — x*|"^^ 18= 



ax'-^xx 



,,) ^ "" "^^ , ; the Fluxiqn of 



4U7X — xA^ 2ax-^x^\^ 

Xi — ^^j^ is 2=^x— tf|"""3~'x;J', i. c. 



^ *. • 



7 XX — tf r^x^> *• ^- ==iTX— tX, 1. c. 



2 AT 



. 3 .X — a\^ 



p. And, Univcrlally, the P7«x;V« 



m 



of X« 1S±== — XX n XX, 1. e. ==: X n X } 

n n 

where, cither m or », or both, may be ci^ 
ther Integral or Fradional, Affirmative or 

Negative : So that, the Index — , exppefles, 

n 

or rcprefcnts, any affirmative or negative 

Whole - number or Fraftion whatfoever. 

For^ 
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For, hy Art. 12. and 14. if w reprefcnts an^ 
affirmative or negative Whole-number, the 
Fluxion of *«» will ht=itnx^^^x ; therefore, 

m 

if we fuppofe yr:;zxn, or, which is the fame, 
f^z=zx^ {n being any affirmative or negative 
Whole - number likewife,) by Art. 8. we 
have »y»— 'j^=^x»— '^, which divided by 

»jp*~', makes y = , i. e. (by writ- 

^ r '. XT 1 \ • ^x^^^^x m 

va^Xn for y its Value,) y=zi. j:;^ — =-x 

nxx-\ 



.::xx«— » — • — —X =- xr^^x\ 
n n 



m 



which is =: the Fluxion of Ar« , as before ; 
therefore, &c. And that m or /r, or both, 
may reprefent any Fradions as well as 

Whole-numbers, is plain, fince this - cxprcf- 

n 

fes Ae Quotient of any Whole-number di- 
vided by another, and may be taken for a 
New m ox ny and fo 6n ad infinitum. 

Rule VL 
17. Tojind the Fluxion of a Logarithm. 

The Fluxion of the Hyperbolic Logarithm 
of any Qt[antity, is equal to the Fluxion of 
that Quantity, divided by the Qiiantity itfelf. 

E (This 
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(This wc fhall hereafter demonftrate. See 
Appendix, %i^. ii.) 

Thus, the Fluxion of the Hyp. Log. of x is 

X • 

= — . The fluxion of the Hyp. Log. of 

X 

^4-;^ is = — • — . The Fluxion of the 

a -^ X 

- ■■ III Hill II 

Hyperbolic Logacithm of x -f- tf^4^*]i is 
= .... ; (for the Fluxion of x4-a*-^x*P 
. • , XX xxa*-{-x^*i J^xx X 

IS X-f--—- — .,, — ^- ■ . ^ |. =■==== 



a*-\-x^f a'^x 



tf*+X» 



xx+tJ'+x*!*, which divided by X'\-a*-\-x*\^» 

X 

gives ^^ ). The Fhtxion of the Hyp. 

Log. of f±5is=4^} (for the 17«x/fl» 



a — X a — X 



of £±5 (^t. 13 ) is — ^x^—^4-Jfxtf-f-x . 
<* — ^* tf — x^ 

i. e. =t===^, which divided by fjlf , 

^— AT a^X 



g^vcs ^ - - 1. e. =^-^==. I. e.. 

IIJL). And, the Fluxion of the Hyp. 

X 



\ 9 

2\S 



Log. of a-^-x-^-zax-^-xf is =— j— 

(fof 
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(for the Fluxion of i7-|-Ar-[-2tf at-j-at^H is=x--|- 

ax -f- ^^ yx 2ax -^x^]i'\-aX'\-xx__ 

zax-^-x^^ zaX'^'X^ 



--:^-=- X tf4-;^f ^ which di- 



vided by ^4"^-f-2^^+^*lS gives 



AT 






Now, as the Hyp. Log, of 10 ('vtz. 
2.3025850929, &c. Sec Appendixy Quef- 
U tion #.) : is to the common Log. of 10 
(i;/2?. I.) : : fo is the Hyp. Log. of any Num- 
ber, Xy : to the common Log. of that fame 
Number, at; that is, if we put L=:2.3025 
&c. As L : I : : Hyp. Log. of x : common 
Log. of X (and therefore Article 8.) : : 
Fluxion of Hyp. Log. of x : Fluxion of com- 
mon Log. of X. 

Hence we have L : i : : ^ : '^—=^ the 

X Lx 

Fluxion of the common Log. of at 5 or, be- 
caufe --3=0.4342944819 &c. if we put 

thii — = M, then the Fluxion of the com- 

monLog. of x (viz. -— ) willbe=- x M 5 

Lx s X 

i.e, the Fluxion of the Hyp. Log. of any 

E 2 IsTum- 
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Number, multiplied by (M or) 0.434294 
&c. gives the Fluxion of the common Log. 
of that fame Number. 
" 18. Note. It is fometimes expedient, in 
Order to find the Fluxion of an Equatbn^ to 
divide it by one, or more, of the variable 
Quantities contained in moft of the Terms : 
And to fubftitute fingle Letters for com- 
pound Quantities. 

Thus, if the Equation were xy-^a^'-^ 
axy-\-y^z=zyz 5 divide both Sides of iffcby y : 

then it will be ^-j aX'\-yz=LZ*y and the 

y 

Fluxion of this Equation is x — ^~.tfx-+- 

And, if the Equation wcrex— 



by -j-— Z=^5?; fubftitute -ufor— Z : then 
z z 

X — iy-^-vzzzuiz J and this Equation put into 
Fluxions, is x — iy^-^-vzszMz. 

19. Note. Hitherto we have fuppofed, 
when one variable Quantity in any Flwnt 
increafcs, that the others, if any, increafe 
likewife : But, it often happens, that fome 
of them decreafe, while the others increafe ; 
in which Cafe, the Fluxions of the decreqfing 
are Negative with rcfpedt to thofe of the /«- 
creafmg Quantities 5 and therefore, the Signs 

of 



I< 
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of the Terms whidi ve ai9^ded with them,, 
OMgbt to be N:eg0tive. 

Thus^ if whilfl x mcreafeii j^ decreaifes; 
xb» Fluxhn oi the Re^ngle ocy^ wHl not be 
cxprefled by xy+^> ^^t by \v^— ^. 

For, kt the flowiDg; or variable Redangle 
AB, be coatinually ipcrea&ig by the peraU 
kl Motion of the variable Line C B moving 
60m the Situation A F along the Line A £ ; 
andp continually diminifhing by the Motion 
of the variable Line D B, parallel to the 
Line A Fj and approaching towards it along 




A . 



E 



the Line FA j that is, let the Side AC=DB 
continually incrcafe, while the Side A D = 
C B continually decrcafcs. Now (putting 
AC;=sAr, and ADs3=y J it follows from Jrt. 
!!• Dem. i^. that the Fluxim of the Increafe 
will be=5;fy, and that the Fluxion of the De^ 

creafe 
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creafe will h^sss)y j therefore the Fluxitm of 
the Decreafe^ f ubtraded from the Fluxion of 
the Increafcy leaves xy — ^x^=the Fluxim of 
the Redangle xyi or, the Velocity with 
which it iflows. 

Understand the £ime^of the Fluxion of 
toy Fluent of a like Nature whatfoever. 

If what has been already delivered, be 
thoroughly underftood, (and it is in difpenfibly 
neceflary it ihould ;) it is hoped, the Learner 
will meet with but few Dij9iculties in the 
Application thereof: to which we now 

proceed. 



CHAP. in. 

Of finding the Maxima and Minima (or 
Greateft and Lead) of variable ^anti-^ 
ties. 

20. A Maximum, is the greatefi Magni- 
tude of a variable Quantity ; which 
naturally increafes before it arrives at ths^ 
Magnitudcj and as naturally decreafes after- 
wards : And, a Minimum, is the leafi 
Magnitude of a variable Quantity ; which 
naturally decreafes before it arrives at that 
Magnitude, and afterwards as naturally in- 
creafes. 
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crcafcs. Therefore, at that certain Term, 
where a Quantity beconjes a Maximum or 
Minimum, it can neither be inereafing nor 
decreafing, and confequently its Fluxion 
issso. 

21. Thus (for an p 
lUuflration J in the 
curvilinealSpaceAEF, d 
let the equal and pa- 
rallel Sides AC and 
D B, of the infcribed 
and flowing Redan- 
gle A B, be continu- 
ally increqfingy while 
the other equal and 
parallel Sides AD and 

CB are continually decreasing \ that is, let 
the Rectangle be increafed by the Motion of 
the variable and decreaiing Side C B, and 
decreafed by the Motion of the variable and 
inereafing Side DB. Now, it is evident, 
that, while the ReAangle is inereafing fader 
or with a greater Degree of Velocity, by the 
Motion of the Line CB, than it is decreafing 
by the Motion of the Line D6, it will be 
continually inereafing i and, that, when it 
is decreafing fafl:er, or with a greater Degree 
of Velocity, by the Motion of the Line DB, 

than 




3* -4if INTRODUCTION ft>/6tf 

than it is intrcafing by the Motion of the 
Line C B, it wrili be continnally deereqfing : 
Thcf efdfe, when thefc tvi^o Degrees of Ve- 
locity become equdl, i^e ReSangle mil be a 
Maximum I which will then be neither 't^r* 
creajing nor deereqfing ; or, the Vthcitj^ or 
Fluxiofiy with which it is iiicreaiing (which 
is Affirmative,) added to the Feheify^ or 
Fluxion^ with which it is xiecreafing (wliich 
is Negative,) gives the Vehcityy or Fluxitm, 

with which it flows = o. And, it being 

manifeft, that, when the Rcdangle AB be^ 
comes a Maximum^ the Sum of the Spaces 
FDB and BCE will be a B/Grdmum ; (facn^ 
fore, when the Sum of the faid Spaces is a 
Minimum,^ the Fluxion of the increafing 
Space FDB, will be equal to the FktxiM of 
the decreaflng Space ECfi ; and therefore, 
the former being Affirmative, and the latter- 
Negative, their Sum isrsso. 

22. Now, when a Quantity becomes a 
Maximum or Minimum^ and is expreflid by 
two or more affirmative and negative Terms, 
in which is contained but one variable Let- 
ter ; it is evident the P/uxions of the affirma- 
tive and negative Terms will be equal, fince 
their Sum =z= o. And, when in the Ex- 

preffion for the Fluxion of a Maximum or 

Mini^ 
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Mittimumt there are two or more fluxknary 
Letters, each contained in both affirmative 
and negative Terms j the Sum of the Terms 
affeded with either of them will likewife 
be=o. Thus, if a Minimum be exprefled 
hyax — *2xy-\-byt whofe Fluxion is ^ x — 
zxy — 2Jpy-f/^=0} then it will be ax—' 
2ogr=o, and hy — 2Jcy=o: For, in Order 
for any Expreffion to be a Maximum or Mi- 
mmum, . in which are contained two or more . 
variable Quantities, it muft produce either a 
Maximum or Minimum, if but one of thofe 
Quantities is fuppofed to be variable : And 
therefore, if in this Expreffion of the Mini- 
muniy y be made invariable, the Fluxion of 
it will be i#x— 2Jfy=o ; and if x be invari- 
able, it will be— 2xy-f-4y=o. 

23, Note u In curvilineal Spaces, it is, 
in effect, the fame Thing to feek the greateft 
Area that can be contained under a given 
Perimeter, as to feek a given Area under the 
Icaft Perimeter : And, the fame holds good, 
in refpe<ft of Solids and their Surfaces. 

Note 2. When any Quantity is a Maxi- 
mum or Minimum, all the Powers of it will 
be fo too } as will alfo, the Produd: or Quo- 
tient arifing from its being multiplied or di- 
vided by any invariable or given Quantity. 

F Thus, 
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Thus, if ^^ax-x^!^, or ^^^^I±^*^d, 
reprefents a Maximum or Minimum^ tlien 



b 



ax — X*, or a^-^x^^ — - x, will alfo be a 

a 

Maximum or Minimum ; and confequentlyy 

its Fluxion muft be:i=o. 

iVi?/^ 3. Generally, when a variable 

Quantity admits of a Maximum^ its Minimum 

is nothing : and, when it admits of a Mini-' 

mum:, its Maximum is infinite. 

Example I. 

24. r^ find the ^ V. ' P B 

P^/«/ p, in the ' * ' 

given right Line A B, where the ReSlan-- 

gle of the Parts Ap info pB is a Maximum, 
or greater than any other Re&angle A n 

into n B. . 

Put the given right Line A B = tf, and 
Kpz=X'y then will /> B be = iz — at; and 

Ap>^pQ=:XX.a—x=.ax-^x^z=:i a Maximum^ by 
the ^eji. therefore, (the Fluxion of a Maxi^ 
mum being =;: o, ) the Fluxion of ax ^^ 
x^ is=o ; that is (Art. 15.) ax — 2xx'=:o. 
Now, this Fluxion divided by at, makes a — 
2 a: = o 5 therefore, a == 2;^, and x = ^^t 
Confequently, the Reftangle of the Parts 

A/ 
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A p and / B is a Maximum^ or the greateil 
poffible^ when thcfc Parts are equal. 

Or thus. Put Kp=zx^ and ^B=y 5 then 
hpKpBzzzxy:=. a Maximum. Now, it is evi- 
dent, that, if X incrcafcs, y muft decreafe j 
Acrefore (JrLi^.) x and y are Negative 
to each other, and confequently, when xy 
is a Maximum, the]FIuxion of it will be ;vy— 
xy=:o. But, it is likewife evident, that, 
the Velocity with which-^ increafcs, is equal 
to the Velocity with which j' decreafes; or 
that, the Increment of x is equal to the 2)^- 
4:rement of y j that is, x=y : Therefore, by 
ftriking both x and y out, in the above Flux^ 
ion of xy, we (hall have;^ — xzzzo 5 and there- 
fore x=:Jf 5 as before. 

Or thus. I K the variable Rcdangle Ai, 




5 



Ut the Side/^ (which is equal and parallel 
to the Side A C) always be equal to / B : 

F 2 then 
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then while the Redangle is increafing by the 
Motion of the decreafing Side / 6y moving 
from A towards B, it will be decreafing by 
the Motion of the increafing Side i C, mov- 
ing from D towards A. . Now, fiiicc the 
Velocities of the Points p and C, or the 
Fluxions of the Sides Ap and AC, are always 
equal, (as they evidently muft be, becaufe 
the Sum of thefe Sides is always the &mei) 
therefore, as long as the Side Ap continues 
kfs than the Side AC {ot pb) the Redan- 
gle will be continually /V^rr^^/sfg^ ; and after 
the Side Ap becomes equal to the Side p b^ it 
will be continually decreafmg: Therefore, 
when the Reftangle is a Maximum^ or when 
it is neither increafing nor decreafing, the 
Sides Aip and / b are equal to each other, or 
Apz=zpbz=:pSi 3 as before. 

Example II. 



A 



B 



25. To find the 
Point p in ^ 
the given right Line A B, when Ap^pE{^ 
is a Maximum. 

Put the given right Line AB==tf, and 
Af= :x; t hen pBzrza — x, and A^«x/S|* =5 

x^^'xa — .x:]« = a Maximum i therefore the 

Fluxion 
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Fluxion of x»Xtf~^ is = o 5 that is (Art.^ 
II. and J 6.) mx^^^^x x tf— xj»-[-;a 
X — ^x« = o (i. e.) »f x»— « X X ^IZjtf)«-— «x 
•»xxx«==o: Now, by dividing this 
Equa tion by Ar»— i;v, we have m.a — ^tj^— «x 
tf — x (^^^x == o i therefore /?^. ^1^=: ;?x 
4^ — icf--^ X > which Equation divided by 



a — 5^— S gives m. a-^-x = ;?>:, i. e, ma • 
mxzssmc^ therefore mx-^-nxxszma^ and ;v: 



m 



a J whence the Point p is deter* 



inined« 

Or thus. TvTAp=zXy and/B==y; then 
yxx'ifzsz a Maximum ; which put into -RBat- 
/ow, (becaufe when y increafes x decreaies^ 
or the P/uxions of f' and x^ are negative to 
each other j ^/.lo.) is ny^^^yxx^ — mx»^^x 
%f=:o : But ^ and ^ arc equal, (jirt. ^4.) 
therefore, throw both x and ^ out 3 then it 
will be nf^^x?»''-^m>fl'^^fz==:Oy or nf^^^xm^^ 
^^^lyH : Now, by dividing both Sides of 
this Equation by^^'^f"— ', we have nxzzs. 
my J therefore, minii x ly. So that, the 
Segments Kp and/ B, are in direft Prppor- 
don to the Powers in the Maximum. 



Exam- 
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Example III. 

26. TCofni a Com injbribed in a given Sphere^ 
nffbofe convex Surface Jball be a Maxi« 
mum* 

FcTT the Diameter 
of the giiren Sphere 
( VD) ^a I the Alti- 
tude of the infcribed 
Cone (VB)=x j and 
3.14159 C^c. =: ci 
theii B D = tf — at. 
Now, by a well 
known Property of 
Circles, VBxBD=5a]* ; that ia, 

tfx— x» = BA)*: And, by 47E. !• AVrsa 
-BS^i 5 that is, AV=^*4-tfjr— ;r*)i 

^»jx — ^*Ar'<i=: -J the Circumference of the 
Cone's Bafe j which drawn into its flant 

Height ( AV=) aSc)l:, is c'^ax-^c'iK^i x ^4 

=:r*^*x* — ^*/7x3)* ==: its pur re Superficies, 
which by the ^eftion muft: be a Mammtm ; 
therefore, c* a* x* "^c* ax}=zthc Squkire of a 
Maximumy or, is s^ Maximum alfo, (-^/.23* 
Note 2.) and iX,^ Fluxion therefore is = oj 

i* e. 




B|* 

:3^ : But, B A X ^ 



^ 
.« 
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Lc. 2ic*a^io:'^-^y:*ax^xissioi whidi divid- 
ed. Jay c^axx^ gives 24f-— 3;c±fi:o ; therefore 
yc3i£:Q.a^ aod xt£z\a. So that) the convex 
Surfete of the 0;)ne will be the greateft, 
wh^n its Altitude issriT of the Sphere's Dia- 
meter. 

27. ^# B*^ There was qo need ctf inlro- 
ducing c in the above ; for V Ax ABrsa 
a Maximum^ the Radii of Circles being 
«s nheir Circum&rences: And there- 
fore, in foch like Cafes, we fliall omit 
inferting it, as often as may be, in th6 
following Examples. 

Example IV* 
28. T^o find the largeft Ck)ne that cm be in- 
fcribed in a given Spheroid, viz. whofe 
J'ranfverfe and Conjugate Diameters y T S 
snd CN, are^andh. 




Put 
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P T the Altitude of the inscribed Cone; 
BT^s^; thcnBS=TS— TB=3tf— ^. 
Now, by a well known Property of Ellipfes, 
Tgl» : CnI* : : TBxBS : AB]% i. e. a* : y 

: ^^^^~^^^^==5Al%whiclL(^.^, 



a 



27.) drawn into ( t B T ) ^ ^, gives 
f ^ , ^ JL= z Maximum: Confequently 

^jrfr/. 23. iVI?/^ 2.^ ax* — x^t=: a Maximum^ 
whoie Fluxion isrrro, i. e. 2^xx— 3X*xs=:o ; 
which divided by x Xy gives 2 ^ — 3 x = o : 
Confequently 3a:=:m, and ATrr: t* 5 that is, 
the Altitude of the Cone muft bet=T of the 
Diameter of the Spheroid. 

Example V. 

2g. ^0 find the internal Dimenfions of acy^ 
tindrical Cup, nvbofe Capacity is given = a, 
when the Cup is made with the leajl pojfible 
^antity of Silver of a given thtcknefs. 

Put the Diameter=Ar, and .78539 &c^ 
•srT} then rx*=the Area of the Bottom, and 

therefore -f«— :the Altitude : But /^cx being 



cx"^ 



the Circumference of the Bottom^ there* 

fore 
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fore 4CXX — ^—^ =the infide curve Superfi- 

cies : Hc^ice cx^ + If =the whole infide Su- 

perficies ; which, becaufe the Quantity of 
Silver is the leaft poffible, is a Mimmiim 5 

therefore the Fluxion of cx^ -}-— oiuft be = 

X 

o, i. e. 2txxr— l-j-=o • which multiplied by 

X*, is 2cx^x — \axz=LO ; and this divided by 
2x^ is cx^ — 2tf =0 5 therefore cx^ = 2^, and 

;tf = ?f rrn the Diameter 3 which fubftituted 
for Xy makes the above — 




ex" , 2a\ ^ 
the Altitude. So 



c 
that, the Diameter is to the Altitude, as 

2 to I. 

Or thus. Put the Diameter = Xy Alti- 
tude =r= y^ and .78539 G?r. == c 3 then the 
whole infide Superficies will ht-=^cx'^.-\'&^cxy 
=: a Minimum 3 the Fluxion of which (fup- 
pofing AT to increafe, and therefore y to de- 

G creafe. 
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creafe, or x and y Negative to e^ch pther^ 
as they evidently muft be,) is ^cxk-i^a^cky'-^ 
4rxy=:(y : But, by the ^ej. cx^y=:a j which 
in Fluxions (becaufe the Fluxion of a is=o,) 
is 2cxxy — cxy=^o; therefore, byTranfpofir 
tion, cx^yz=s:2cxxy^ which Eqmtion divided 

by cx^, makes if =;;; ; f.^^i^. z=x^^i Now, this 

'^ CX^ X 

Value of y being fubftituted for it in the a- 
bove Fluxion of the Minimum^ makes it 2cxx 
-^-^cxy — 8rx)^=o j which divided by Zcx^ 1$ 
AT+^y — 4y:s=:o, i. e. x — ?y=:Q : Conftqueot^ 
lyx=:2y3 as before. 

Example VL 

-30, To find the internal jyimenfipns of aCff- 
tern in the Form of a reSl angular Solid y 
ix. whofe Bottom and all jour Sides are reSl^ . 
angular *, when its Capacity is :»= a, and 
made with the lea/l fojftbk ^antify of Lead 
of a given thicknefs. 

Put the infide l-ength A B or C P = y. 




Breadth AC or BD =zy, and Depth AE, or 

CF 
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CF sitz; then xyz^za^ and therefore oi = 

J^. Now, the itifide Superficies of the Bot- 
yz 

totti and four Sides, i$=t:ABxBD+2BAxAE 

4-2CAXAE, i. e. = xy'\-2xZ'^2yz (or, by 

fubftituting — for at,) =-- f — + 2jr 2; ; 

yz z y 

which, bccaufe the Ciftern is made with the 

klft poflible Quantity of Lead, issrra Mini^ 

mum y and therefore its Fluxion is±z:o i that 

is, — — — £^+2V2;+2yi;=o» Now (Arf. 
z^ y^ 

22.) the Sum of the Terms afFeded with j^ 

is=o, and the Sum of the Terms afFedted 

with z is=:o ; that is, — ~^-\-2yz=zo^ and 

«— -^-^lyzzsso \ the firfi of which two E- 

quations multiplied by ^*, is — 2ay -f- 2y^yz 
=0, and this divided by 2jfy is — tf-j-;y*2J=o, 
V y^zi^ {which by the above is) =ixyzy 
therefore yzss^ : And the fecond of the faid 
Wo Equations multiplied by 2;*, is — az^ 
2^jB*2;=o, which divided by z^ is — a'\-2yz^ 
=0, •/ 2^2;* = tf = (by the above,) xyz ; 
therefore 22? =± x. Hence xz:=y=:2z ; that 
is, the Length and Breadth will be equal, 
and each equal to twice the Depth. 

G 2 Or 
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Or thus. The Length, Breadth^ and 
Depth, being x, y^ and z^ refpeftively ; and 
the infidc Superficies = a:^'-}' 2x2;-]- 2yis== a 
Minimum^ as before : If we fuppofe x and y 
to increafe, then z muft decreafe ; i. e. the 
fluxions of X and y being Affirmative, the 
Fluxion of z will be Negative 5 and there- 
fore, the Fluxion of the Minimum will be 
xy-f ;g/4-2x25 — 2A:i;4.2j^z— 2j^ij=:o : But, by 
thc^e/i. xyzzna^ the Fluxion of which Equa- 
tion (the Fluxion of ^ beingmo, and the 
Fluxion of 2; being Negative,) is xyz-^-xyz^^ 

xyz^o ; V ^=^-y^+^^=A+> which 
fubftituted for z, in the Fluxion o£tht Mini' 
mum, makes it xy-|-^ — Z^^ — £^^ = o j 

therefore (Art. 22.) icy — £^=0, and w 

— —^=0 : Now, the firft of thefe two 

Equations multiplied by-^ , is x — 2;?=:po ; 

xy 

V X'=:=i2z 5 and the fpcond of them multi- 
plied byJL, is y — 2:2?=o, v yz:zzz. -. So 

xy 

that xz^y:=:2z*, as before. 
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• : N. B. In this laft Method of Solution, 
. either of the Quantities x^ y^ or z^ 
. might have been fuppofed to decreafe 
while the others increafe ; or^ but one 
of them to increafe while the others 
deicreafe : and the Conclufions would 
have. come outexadtly the fame. 

Example VIL 
31. A Gentleman wants to ride from the City 
A to the City C, the Cities being a Mies 
apart : Now fro/ft A to B, wbicb is b Mles^ 




» 

$rfram A to any Place P in the Road C B 
/wbicb is perpendicular to the Road B A, be 
can ride after the rate of c Miles an Hour ; 

but 
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, butfrtm B toCbi cah ride fajlef^ cr after 
the rate iff d Miki an Hotir, ^6 find P, 
the PlMt to wbicb be mu^ direStfy ride, in 

' wrdiT to perfi^rm Us Jtnitney in t^ leoft pof^ 
fibk^ime* 



A^*it^~^*X 



which put=^ ; alfo let BP=x; then PC 



4f—jf; therefore, by %5/?/eaii::f «» the 

' d 
Number of Hbtifs the Gemlemaft will be 
tiding from P to C. Agalft, by 47 B. i. 
AP=PBl'+BA)»li ^i^qpij. . therefore, 

by ^ftion'tS^— the Number of Hours 

c 

he will be riding from A to P. ' Hence we 

have ^^^iii +!=:f^the Number of Hours 
c d 

he will be performing his Journey; which, 

by ^efiion muft be a Minimu m : the F/«a:w« 

of it therefore is=o j that is, -^x^'+^'^-^xa^x 

-7 — ^o, I. e. _! — ! — -r=Oj !• e. 

« . c d 

1 , 

'*-%=r=nr'---T-==o» which multiplied by 
cxxf-^i^l^ d . 

cd-K 



\ 



\ 
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c^:^'{'i*\K g»'«« ^>^ ■-* tf*X*'4^*i* ace O ) 
^d (hi« tranfpoied and (divided by x, i» 
^iWs=o<x*-|-^*/ij tbc Square of which is d*x* 
=stf *je*-fff*^* ; therefore d*x*.-£'x*=s(^^\ 

r* A* r , cb 

and X 'sr.\ ,,.u J conlequendy jft 



Or /ik^i. lyBT pLp be iappo&d indefinitely 

near to AP, and the little circular Arch P n 

be dgfcribed with the Radips A P ; that is^ 

let P / exprefs the naiS^nt or iqdoiinttely 

fmall Increment of B P, and np that of A P. 

Now, it is evident, if P be the Place to 

which he muft direftly ride, that the Incre^ 

menu Vp and »^ muft be to each other as d 

to r, fince then only can they be paffed over 

in the fame Tipie 5 but^ the little Triangle 

Vnp is (or may be taken as) fimilar to the 

right angled Triangle ABP 5 (for, the Arch , 

P» being indefinitely fmall, may be confi- 

dcred as a little right Line perpendicular to 

Pipv fo likewife, the Angle PA >) being in- 

j definitely little, the Angle A/B or np? may 

^ be confidered as equal to the Angle A P B, 

and therefore the Angle pF n tis ec[ual to 

the Angle P A B :) Confequently, Jic:: 

AP : P B : But, when the Hypothenufe and 

Perpendicular are d and c, the Bafe, by 47 

E, I. 
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E. I. will ' be <^*-T-f *1 1. Hence, therefore. 



-^*|i: (AB) i::cu 



he 



P 



*'« 



B P } as 



before. 



Example VIU. ,. 

32. Let the Triangle ABC have one Angle B 
in the right Line DE: To find ^Maxi- 
mum of the Sum of its Perpendiculars AD 

c and CE droptfrom the other two Angles on 
the right Line afore/aid. 




N.B. AB=:3=^7, BC=4=^, and the 
Z.ABC=90^. 

Put DB =jc j then, by 47 E. i. AD=2 

AB)*— BDl*H=a*--Ar*)^. Now, becaufe the 
Z.ABC is right, the Z.CBE is the Comple- 
ment of theZ-ABD, and therefore is = 
^ B A D s confequently the Triangles ABD . 

ana 



T 
I 
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and CBE are fimilar; therefore AB : BD : : 

"BCiCE, le. a:x::6: ili=CE. Hence 

* a 

bx 



we have AD -f CE =:= tf*— Ar^li-f-. 

a 

Maximum^ by %g/?. the Fluxion of w|iich 
is therefore =:= o ; that is, 4:X^^— >:»]— I x 

2 X x + ^i-^o, i. e. . f^ +j^n . 



AD + CE (=^C3?li 4.^)=:i.8+3.2 



which multiplied by tf* — je*lix#, gives — 
ijxx+tf * — ^i ^x=o 5 therefore, by Tranf- 
pofition and dividing by ir, we have ax^=z 
tf*-^»^4^, by Involution ^ *Ar*=2i?*^*~^*Ar% 
confequently tf*x*-f^*A;*=:=tf*^% and at^xis 

-— r-r- 5 therefore Ar=r= =:2>4, Hence 

bx 

5 =: the Sum of the Perpendiculars, when 
that Sum is the greateft poffible 3 and which,, 
by 47 E. I, is = the Hypothenufe AC. 

Or (without the help of Fluxions) thus. 
Produce AB to 4, making aB=JBA j draw 
the Line aC; and perpendicular to DE 
draw zdi Then will the Triangles B a C 
and B A C be equal and fimilaj ; and the 
Perpcndiciilar a^ be equal and parallel to the 

H P^- 



i_ 
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Perpendicular DA. Now, it is evident, 
that, the Line aC, in every Situation, wili 
be greater than the Sum of the Perpendicu- 
lars a d and C E, excepting when it is per- 
pendicular to the Line D E ; and that then, 
the faid .Perpendiculars Will coincide with, 
and their Sum be e^ual to it. Therefore, 
the Maximum of the Sum of the Perpendi- 
culars zd andC E, or of AD andCE, is 
equal to the Side of the Triangle, $ C or 
AC 5 which, (when the z.aBC or ABC h a 
right Angle, and a B or B A == 3, and B C 
= 4, as in the prefem Cafe,) by 47 E. i. 
=5; as before. 



IS 



IX^ 



EXAMPXE 

3 3 • Tofmd the great- 
. eji right angle d Triangle 
A C B that can be in- 
fer ibed in the given ^a- 
drant K DE, the right 
Angle being formed by 
the Sine and Coftne B C 
and C k. ■' 



Put the Radius or Hypothenufe A B 
=^, and.AC=A:; then, by 47 E. i. CB— 
^^^^^^- therefore, by ^ejlion \xxa^—xi[i: 
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= a Maximum z:^ ^2x2-^x*]i -, or a'^x^—- 
jf+ =:.a Maximum i the Fluxion oi which is 
itro, i. e. 2aixx—\x^x=.o j- which divided 
by zxit makes <? 2^2*2=0 j therefore x2= 
^a2 : Confequently AC=eB. 

Or thus. Put AB==:tf, AC=>:, CB==y, . 
DB=2: J and fuppofe the Point ^indefinitely 
near to B, ic parallel to B C, and B n equal 
and parallel to C c, i. e. let Bn==x\ and Bb 
z=z'. Now, if we confider the Increment 
B^ as a little right Line perpendicular to the 
Radius A B, the Angles « B^ and CBA will 
be equd, and confequently the little right 
angled Triangle Bnb will be fimilar to the 
right angled Triangle BCA : therefore AB : 
BC : : bB : B», i.Q, a:y'.-z ', x\qx a '. y:: 

-^^ . But, when the Triangle 



%•: X. V Z: 



y 

A C B is a Maximumy it ,i^ plain that 
ABx4zis=BCx;i, i. c. ia z=z 



a y 

2. 



whence ly■^x=ia^x, and 2y'i^a^^x^\y 
Therefore x =jy, or A C =:^ G B; as be- 



fore. 



H 2 Exam. 



52 ^ INTRODUCTION /o/i&tf 

Example X. 

34. In the right Line AC, which is perpendi^ 
cular to the indefinite right Line A Q, 
given A B=:^7, and B C=^ : To find the 
Point P, where the Angle BPC is a Maxi- 
mum, 




Put AC^a-^b —c, and AP—^. then, 
by 47 E. I. B P =:= a2^xHi, and C P = 

^^+^^1^ • Now, by Trigonometry, B P : 
Radius : ; A P : JZ.ABP, i. e. (putting Rad. 



X 



SA.ABP 



I,) a^-^x^li: I : : X :^ 

a2^X2\i 

iACBP; andCP: JiLCBP::CB: 



^ Z. B P C, i, e, c^+x2\i: 




X 



a2^x^\^ 



lib: 
bx 
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^f — ^/BPC = a Maximum^ 

becaufe the faid Angle is a Maximum by 
^ the Fluxion of which is therefore r=o ; i.e. 



bixa^^x^xc^'^x^—JfX^xx.c^'^x^ — bx^xxa^-^-x^ 

a^J^xA^ xc^-\'xA^ 
sso; which multiplied by a2+^^1^x^*+^*]*» 
and divided by b x, gives ^^-j-x* x i'*-j-A:*— • 
^*XC*-f-A;* — x*X42*-f>:*=o, i. c. ^ V* — a:* 
=05 V ^ = tfV% and ^* = ac, and Af= 
TTli: Whence, by Analogy, a:x::x:c; 
that is, A P is a geometrical Mean between 
the Diftances A B and A C, when the Angle 
BPC is a Maximum or the greateft poffiblc. 



mtmmummmmfmmmmfmm^mmm^ 



C H A P. IV. 
Of drawing Tangents to Curves. 

45. A Tangent, is a right Line which co- 
^^ incides with a Curve in a Point, and 
there (hews its Dirciftion, that is, the Incli- 
nation it bears to the Axis, or the Angle it 
makes with the Ordinate. 

Thus, if the right Line T B coincides 
with any Point B of the. Curve A D, that 

Line 
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Line is a Tangent to it at that Point And, 
becaufe no two Lines can coincide unless 
they have the fame Diredion ; therefore ^he 




Direftion of the Tangent, is properly the 
Diredtion of the Curve in the Point of con- 
tad. 

Now> what is requifite, in order to draw 
the Tangent, is to find the right Line C T 
(called the Subtangent,) or the Diftance of 
the Point T from the Ordinate CB, to which 
the Tangent muft be drawn. To efFedl 

which, 

36. Let cb be fuppofed parallel to the Or- 
dinate CB, and Hn equal and parallel to Cc : 
then, if the Line cb be removed toward? CB, 
in a parallel Motion, until it coincides with 
it 5 the Moment before its coincidence, the 
Triangle Bnb will be in its evanefcent State 5 
or, which is the fame Thing, if the faid 

two 



Doctrine ^FLUXIONS. 55 

two Lines be feparated from their coinci* 
cknce, the very firft Moment of their Sepa- 
ration produces the faid Triangle in its naf- 
ant State ; and in that Moment, the Line 
vb^ tierminated by the Line B /i at one End, 
laod by the Curve at the bther, comes inde^ 
finitely near to toudi the Tangent T B pro- 
doced : Confequently, the Triangles bnH 
aa&d B C T come then indefinitely near to ii- 
mHarity, and may be coniidered as fimilar : 
Whcardfone, ^ a : « B : : B C: C T; that is 
Spotting Afa&ifs ACzszXy Ordinate C B =:^, 
CcssBnz=:x\ and^»=:yj y' i x x:yi 

ifZ^Cts or (Jrtick 6.) y:x::y.}^^ 

y y 

C T. • 

37. Or (to find the fame Expreffion for 
-the Subtangent C T, without the help of 
Incritnents:) Suppofe the indefinite right 
Line A E to move with a parallel and uni- 
form Motion along the Axis A X ; and, at 
the fame Time, a- Point to move from A 
•along the faid Line, AE, with fuch Velocity, 
as always to be in the Curve A D : then, 
when the Line A E comes to the Situation 
C B, if the Point moving along thereon were 
to continue on with an uniform Motion, and 
with the fame Degree of Velocity with which 

It 
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it arrives at B, it is evident, it would move 
along the Tangent TB produced s and there- 
fore, when the Point Aor C arrives at r, 
the Point moving along the Line A E would 
arrive at m : and, bccaufe Velocity is always 
as the Space unifbrnJy defcribed in a given 
Time, therefore C^ or Bn will be as the Ve- 
locity with which the Point A moves along 
the Axis, nm as the Velocity with which the 
Point moves from B along the Lihe AE, and 
Bm as the Velocity with which the Point de- 
fcribes the Curve at B, or, moves from B 
to m: that is, Cc or Bn will be as the Flux-- 
ion of the Abfcifs A C, nm as the Fluxion of 
the Ordinate C B, and Bm as the Fluxion of 
the Curve at the Point B : But the Triangles 
mnB and B C T are fimilar ; therefore, m n : 
»B : : BC : CT 5 that is. Fluxion of the Or^ 
dinate: Fluxion of the Abfcifs : : BC : CT j or 
(putting A C = a:, and C B ==y, ) yixiiyi 

^z=iCT , as before. 

y 

38. N o w, this (^) is a general Exprefr 

lion for the Subtangent of every Curve whofe 
Abfcifs is X and Ordinate y ; but, as it is 
embarafled with the Fluxions of x and y^ 
fo our whole Buiincfs is to exterminate them: 

To 
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To iJo which ; put the Equation *of the 
Carve into Fluxions ; from which, or from 
other Properties of the Curve, find the Value 
of X in Terms that are all affcfted with y, 
or, of y in Terms that are all afFedled with 
X 5 then, if for x or j^, we fubftitute its Va- 
lue, thus found, in this general Expreflion 
• 

fZ, vre {hall have the Subtangent CT in /?- 

nite or known Terms freed from Fluxions ; 
by which the^ fought Tangent T B, to a 
given Point in the Curve, may be eafily 
drawn. 

39* Nofe. When x and y are negative to 
each other (jirt.ig.) the general Expref- 

fion (^) for the Subtangent, will be — 

y 

^y • where the negative Sign only (hews, 

y 

that, the Subtangent lies on the other Side 
of the Ordinate, with regard to the Abfcifs x : 

For though — ^ may be, and really is, a 

y 

negative algebraic Quantity ; yet it may alio 
reprefent a geometrical Quantity, which is 
always Affirmative : And, as every Subtan- 
gent is in it§ own Nature pofitive ; therefore, 
the negative Sign, either in the general or de- 

I finitivc 
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fioitifc Exprelfion, only (hews whi5tc we 
muft look for the Subtangent ; that is^ whe- 
ther Xy the Abfcifs, or fome Part of k, btf, 
(as in the affirmative Expreffion it always 
is,) or be not, (as in the negative it never is,) 
included in the Subtangent. 

Example I. 
40. To draw a Tangent to a Grcle. 

. Put the AJsfcifs AC=Ar, Ordinate CBsay, 
and Radius £ A or £ D = ^ ; then C D = 




T ^TC E % 

2<»— ^. Now, by a well known Property 
of Circles, ACxCD=CB)% i. e. 2/7* — 3c» 
==)»* : And this Equation- put into FJuxionSy 
is zax — 2xx=2j^ } which divided by 2tf— 

2x, makes y= ^^ =_^ j which fub- 

2a — 2x a — X 

Aitutcd for x in the general ExpreiBpn for 
the Subtangent (^wa;. ^, Jrt. 38.) makes 

y 

the Subtangent CT=J!L (which, by writ- 

a — X ' 

« 

> • - • 

ing 
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ing 2ax — X* for its above Value, viz. ^, is) 

— 2^^—^'—^' Wherefore, iftheDif- 
a — X EC 

tance fignified by this Expreffion, be fet off 
from the Point C, in the Diameter DA pro- 
duced > we {hall then have the Poiqt T, to 
which the Tangent from the Point B riiuft 
be drawn. 

N, B. The Subtangent above, may be 
found otherwife, by the limilarity of 
Triangles only : For, the Z.EBT be- 
ing a right one ; the right angled Tri- 
angles ECB and BCT will be fimilar ; 
and therefore, EC:CB::BC;CT 

as before. 



"31; 



EC 



Example II. 

4 1 . ?0 draw a Tangent to the common or conic 

Parabola. 

Suppose F to be the Focus ; and P R 
the Parameter, which put = ^ ; alfo, put 
the Abfcifs ACssu;, and Ordinate CB 2=1^, 
(B being the Point to which the Tangent 
T B is required to be drawn.) Then, as is 
well known, by the Nature of the Curve, 

I 2 PRx 
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• »■ 



PRxACr=:CB|* ; that IS, ^x=r/. Now, by 
putting both Sides of this Equation into Flux-- 
ionsy we (hall have ax=i2yy 5 and therefore, 

x=:?^j which fubftituted for Xy makes the 
a 

general Expreffion for the Subtahgent C T, 
viz. iL (See Art. 38O r=!Z!= (by fubfti- 

y ^ 

tuting for y'^y its equal ax above,) £ff. •=i2x. 



Whence it appears, that, the Subtangent 
C T is double the Abfcifs AC s and confe- 
qiicntly, A T is = A C 

42. But, to draw Tangents to all forts of 
Parabolas univerfally • let the Abfcifs = x. 
Ordinate = y, and the Parameter = i. 
Then, the Equation will be x =^**, the 

Fluxion 
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FUixim of which is, xr=«»y*— '/, which Va- 
lue of X bdng fubftituted for it, makes the 

Subtangent %sssmf=^ (by putting x for y* 

its Value,) mx: So that, when m = 2, it 
will be = 2X } as before. [See Appendix, 
Prtf^. 4.] 

« 

Example III. 
43. To draw a Tangent to an Elliffis. 

Put the tranfverfc Diameter A D = /, 
C onjugate N O s:± r , Abfcifi A C =± x, and 
Ordinate CB ssjr. Now, by the Nature of 




the Curve, AS1» : n3' : : ACxCD : CB)', 



J'*: 



i. e. /* : c' t: X X /—x : -y-/x— x = 

And, by putting each Side of this Equation 
into Fluxions, we jQiall have f~ tx^-^zxx =s 
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iyy ; and this divided by ~^/ — 2x, gives x=t 

» ■• < 

_^*IL_, which fttbftitirfca for x in ^^ 

C*t — 2C^X . y 

(the general Expreffion for the Subtengentj 
&V Artick 38-.) makes the SHbtangcht G T ' 



2/*;^ 



c^t 2C^X 



(by writing L. /x^-^e* for 



/ its equd,) ":'/;rnr' -=^- 

Whence we may obfervc* . tbat, AT (» 





C T ^ C A = ?^!?^2** 



»**-• 



^i« 



= that Part of the Subtangent which fells • 
without the Curve 



Example IV"! . 
44. 7<? <^<;w tf Tangent to an Hyperbila. 



J?aif 
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Pvt theTrftftfverfe Ditmeter D A r= /; 
Conjugate N O st: <-, Abfcifi A C = jc, tod 
Ordinate CB==y. Now, by the Nature of 




the Curve, DA)' :]?7o|» : : DCxAC: CB|% 

i. e. /* : tf* : : /+Jxx : L./*+x*=y* j and, 

by putting both Side$ of this Equation of 

the Curve into Fluxions, we £ball have f-x 
. / 

^x'-|-2XA'r=2jjy i therefore, by Divifion, *■== 
^ ., * which multiplied by ^, or, 

which is the fame, fubfiitoted for ^ in ^, 

> 
the general fixprefibn for ^e Subtangent 

(ArU 



L 
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(Art. 38.) makes the Subtangent C T : 



*. * 



,. ^ ^ -- (which, by writing for y*, its c- 

qual wx + x% is) = p ; ^ > So that, 

A T, that Part of the Subtangent without 
the Curve, IS = . — -L 



t-^2X 



Xz 



t'\'2X 



Example V. 



45« ^(0 draw a Tangent to an Hyperbola he^ 
tnoeen iu Afymptotet \ that is^ taking one 
oj its Afymptotesfor an Axis. 

Let eg and E T be the Afymptotes 
of the Hyperbola H A B, whofe Vertex is 




A : draw AP and BC parallel to the Afymp- 

totc E G : then will A P be the Parameter, 

« 
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and equal to P/E, which put = ^ ; E C an 
Abicifs, which put ^s:^; andCBanOrdi* 
nate, which put==y. Now, becauie when 
cc increafes, y decreafes ; therefore x and y 
arc negative to each other ; and the general 

JSxpreilion for the Subtangent is ~^; where 

the negative Sign (hews, that, the Point T 
lies on the othet Side of the Ordinate C B 
with regard to E, (jlrt. 39.) By the Pro- 
perty of the Curve (See Sitme's t)e L'HoJjd^ 
tdt% Conic S^Siims, Art. 101.) EC : EP : : 

PA : CB, i. e. xia : : a :y; v x == — j 

the Fluxion of which Equation, k x ssz 
, 7; and this Value of x, being fubfUtuted 

for it in the above general ExprefSon for 
ihc Subtauigeiit, viz* .. fSL, makes the Sub- 

tangent CT=^^s=£ss: (by writing xf for 

its equal tf%) ^=;:x. So that, CT muft be 



CE. 



|S; Exam* 



♦ . 



U An INTRODTJCriON to^ 

Example VI. 

46 • ^0 draw a Tangent to the CotfcMd tf 

Nicomcdcs. ♦ . 

Let fall the Perpendicular B E on the 
ACymptote^ D I ; aed draw B G equal and 




parallel to El). Put Pfei^/, DtAsKfefcFli 
DC=:;c=EB, and CB=:;^=^DE. Then, 



♦.ThisXufvc. is th«6 g^weratad: — From a .fix^ 
Point P, wliicir h called the Pole of the Conchoid, let 
an infinite Number of right Lines PA, PB^ P-H, be 
drawn, cutting the right Line D I, which is an Afymp- 
tote to the Curve; and let the Diftanccs DA, FB, 
<5 H, be made equal to each other, and a Line drawn 
ibpough^the Points A., B JH, Gf^. then will this Line 
be a Curve, called by its Inventor NicomidfSy a Cmhokf^ 
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by 47 E. I. H]*— 51)*H = E F, that is, 
^*-_y*j4=EP. But, the £^ CPB and BEF 
are finular j thereforci BE : EF : : PC : CB, 



X 



^^HJ^jfi whieh is the Equatbn of the Curve; 
and this in Fluxims is^=ffIlf±f^x"F^^ 

X* 

X X* 

_!fi_xf±lz==f^:fLj which fub.' 

i^ — x^i X x^x6* — x^ * 

ftituted for^, in — 2l» the general Expref-.- 

fion for the Subtangent when x and jr are ne- 
gative to each other (/irt. 39.) odakes the 

Subtangent C T sa/*'^^'^^ (which> by 
fubftituting for / its equal in the above E- 



duation of the Curve, is) ==:l±f5r!z:£^ 
^. •■ ai*x-\-x* 



I 



K « Exam- 



I 
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EZAUPLE Vn. 

47. 7i irm a TaigeH to lie Ciffiid of 

Diodes.* 

Let ^BH be the Ciilbid, whole gene- 




A T C ^ E 

ntlng Semicircle ia A F E, and Afymptote 
EG. 

* This Curve is thus generated t — In tiie Semicirde 
AF£, make any Arches £tf, andAf, E^ aild Ki^ 
equal to one anodier ; and tbrou^ the Pants 0, b, i, c, 
let right Ijnes be drawn perpendicular to the Diameter 
'A £, and traaTverfe Lioea from the Point Aj then from 
A, through the Points of Int^eAion (, B> D, &^. 
draw a Line A«BD, E^c. and it will be a Curr^ caDed 
hy its JavaiXot Diukh a Cijfoid, 
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£ C. Put the Diameter A E = tf, AbfciTs 
Ar— -Af, and Ordinate C B = ;r. Now, by 
the Nature of the Curve, dC : CA : : ACe 
CB i (For, fince by the Generation of the 
Curve, the Arches £ b and A d inuft be e« 
qual} therefore bb^iszdCt and^£=CA} 
and, becauie the Af bbk and BCA are aitke^ 
therefore A bibb i: AC : CB ; but, by the 
PropCTty of Circles, hb'.bb'.',bh'.bE.i V 
kb : hE : : AC: CB, i. e. </ C : C A;:AC y 
CB }) or (becaufe CE==tf--x, and ACxC£l« 



:C</,) as ax—x^^ :x:: x'.y, V 
x*s=iiXtfA»— x*{|i } the Square of which £qua- . 
tion is x*t=:tfxy*— *y J and this, divided by 
X, makes x'=tfjf»-*Jf^* } which is the Equa- 
tion of the Curve } >and the Fluxion of this 
Equation is 3x»x=2tfj{y— xjr*— aafjy j therc- 
fitfc, by Tranfpofition and Divifion, x ss 
^ap^^fyy . and this fubftituted for x, makci 

the Subtangent CT <=»?', Article 38.) = 
iaf"^^.^ (by fubftituting for ;r», its equal 

^ j ) ^^*^^^* - Whence we may obfervc/ 

*— X* _3<»*-2«^'" ' • ;.,' 

tW at; tfe Diflcrcnce between the Abfcifs 

'• ••■ ■ *■ ■■ '■''-'■.. . ■ AC; 



• • • • 



I 
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AC and Sabtangcnt TO, is == *** :'Ai^ 



4 

Abfd& AC being: 






.... B'XA.M»X.B' Vffi* . ;'. -.. 

'4^, 7h dravr a Tangent ta the CtcMd.'*" 

• • * .••II -» 

..PvT £ A. the Radius, of die ge^^ratiflg 




T A CcE 

i, and the Arc6 AG==:2. 



Now, by- 
the 



iriMWMi 



' I ■ * 



* This Curve is thus generated : •— Let a Circle^ cr 
Wheel» ioU slosg uppa a x^hf Lin^' until k perfohat 
one Revolution^ that Is, until itmea&res out a ri^it^ 
Line equal to. its Circumference ^ then, that Point in 
the Circle which fixfk touched the right Linc^i will de- 
jcfibe the Curve called a Cfchid% ' 
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the Nature of the Curves CBsOQ ^Axch 
G A 5 Aat is, y=:S'\'Z ; (For, when the Se- 
nictrcle AGF, generating tiie Semiojrcioid 
ABD, is in the PofitionfiLK, the AichfiL 
oc GF vn3& be equal to LD^ and LK or Bf 
or GAc::;:LF or i»C ; hut G^=::=GBi there-* 
foceArcJiQA=$=GB; andtibecefore, &^.^ 
and the Fluxmi^itns £(|uatbn of ^e Cume. 
is j^=i-|-z. Let c^ be fuppofed indefinitely 
near and parallel to C G, and G ^r eqiud and 
parallel to Cc ; that is, let G^=s', and g n 
:ssiSy and nG^iCcznx j then, fuppofing G^ 
to be a little right Line perpendicular to G£, 
the z^SygGn and EGG will be equal ; and 
therefore the right angled as, grjG and GCE 
are alike j and confequcntly, gninG:: EC : 
C G 5 that is, s' ; x' :: a-^ x : s; v / =: 

fUS; or, r^/- 6.) i = tZlx^ And 
Bgain» gC:Gn:iEG:QCi that is, je;'^: 

X : : tf : i I V «'r=*--Ar', or, i =5S — X. Now> 

s s 

tbj (ubAitiiiting x (at i, and — x ((XZ^in 

s s 

theaboveFiimwr of the Equation of the Ciinre, 

a . 2tf — X . 



• we have j^ ax x 4* 

^nd this fubfticui»d&rj/, makes the Subtan« 

gent 



•;•/■ 
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gentCT(=^.4^/.38.)=-£.. 

Whence we may obfcrve, by Analogy, 
isiiyiCVi. i. c. FC:CG::BC:CT: 
but, by the Property of Circles, FC : CXj : : 
GC:CA; vGC:CA::Be:CT: Confer 
qoently, the As, GCA and BCT are alike, 
and BT is parallel to the Chord GA« 

Example IX. 

49* ^0 draw a Tangent to the ^adratrix <f 

Dinoftratus. * 

Put E F, or E D, the Radius of the gfe- 
nemting Quadrant=<i ; EA the Bafe o£ the 
Quadratrix=.3 ; Quadrantal Arch F D =;=<: ; , 

Abrdftf" 



MHIHMW- 



* This Curve is thus generated : — Let EFD be % 
Quadrant <tf a Circle, whofe Radius £D divide into anyr 
Number of equal Parts (as £4/, de^ </*, /D ;) and from 
« die Points of Divifion (d^ #, f^) ixvH right Lines 
{dk^ im^ fo^) parallel to each other, and to the Radii^ 
£F : aUb^ divide the Arch FD into the fame Nombec of 
equal Piarts (Ftf, iiG, Gr, 4>,) as you do the Radiua 
£D::andtothele Points of Divifion (a^ G, f,) diaifr 
Kadii (£ ^ , £ G, £ r,) from the Point or Cepter £« 
Then, a Line drfiwn from O through the Points (tf Ia<* 
terfeAion (r, B, f, &c.) will be a Curve, called a ^tf-» 
dratrh i the lavcntiw af wUch i< impu^ to Dimjlf^^^ 
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Abfd6AC = Xi Ordinate CB=)r; Arch 
FG=z; and the Sine GH=J. Now, by 
the Nature of the Curve, as Arch FD : Rad. 
DE : : Arch FG : Ordinate BCj (which is 
evident from the Generation of the Ciirve ;) 
ihitiSi c:a::zi;fi :• ax=£cy, and z = 

SL J the Fluxion of which, is i= 2L. By 

Sim. AS, BC:CE::GH:HE, i.e. ;y:i— 

X : : s : ' " — HF. Let gb be conceived 

y ■ 

indefinitely near and parallel to GH, and Ca 
equal and parallel to H 4 ; i.e. let u ^ = /, 
and gG=z'j then, G g being conlidered as 
coinciding with a Tangent to the Point G, 
Ihe^s EHGand^-BG will be alike; and 
therefore, HE : E G : : »^ : f G, that is, 

'^—!x . a - • / : z' =-^, or, C^rt. 6.) 
y ' si — IX 
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2f=:-£iZ_. Hence we have ^'> — ^ - 

which gives i = ffc^. Now, .by 47 

E. I . eci*4-cb;4^ =be, i. e. Sh^t 

=BE } and, by Sim, a s, EB : BC : ; EG : 

GH, that is, Jl^f^i x y : i a-. s:= 

ay a] 

- -^ - ) or *• — ■ -' 







r 



Flux, sssz— 

^-'c^+yf 

the above is =) J% -7 sxcy . ^^ jj^j^ ^^^^ 

a^y 
tion, by Mluhlplication ^nd Tranfpofition, 

produces a ^by^ic ~ a>y*xx =s= ^rjy — csxy x 
^~~*l*"hn^ '•^a'^yyyJbUi^^ ; and this divide d 
by ^— AT, makes a^ytk = ajr x 3 — Jf)*-hy*)^ 
— <25)jrxi5X^ (^of, by fubftitutihg for j, its 

above Value . , .^ L- u -.) =* <7m' >c 




:^»^^i-.^3j|yX3— jf. But, by a Property 
of the Curve, as FD : D E ; : E F:E A; 

(For, 
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(For, when the Arch P G is indefinitely 
fmall, it will nearly coincide with, or be 
equal to its Sine GH, and one may be taken 
for the other 1 and then, EA may be taken 
for E C, and E F for E H ; and therefore^ 
then, by the above Nature of the Curve, as 
Quadrantal Arch F D : Rad. D E : : indefi-- 
nitely fmall Sine GH : indefinitely fmall Or- 
dinate BC ; but, by Sim. As, GH : BC : : 
(HE, i. e.) EF : (CE, i. e.) EA : Confe- 
quently. Arch FD : Rad. DE : : EF : EA :) 
i. e. as r : ^ : : ^ : ^ ; v bo=za'^ % and by fubfti- 
tuting be for ^ *, we have abcy'^x = acyy x 



b — xV -|- j^* — abcyy x b — x j and this Equa- 
tion divided by acy^ makes byx z= y x 

b — x j* -j- jf* — bjf X b — AT 3 V X =:yx 
tl^^"—^>^^ which fubftituted for x, 

h 

makes the Subtangent C T (= ^, Article 

_y 

38.)= ^IZ— .^,==_-EC, 

which gives the following geometrical Con- 
ftrudicn, W2;. If B be the Point to which 
the Tangent is to be drawn j make EI=EB, 
and EL=EA ; and let the 5emicircle LIT be 
drawn through the Points L and I ^ then T 

La is 
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is the Point through which the Tangent muft 
pafs : For» by the Property of Circles, LEx 
ET=:^ = (by Conftrudion) "Eb-* ; I c. 



EAxEC+CT = EBI* } 







EA 



Example X. 

50. 7d? draw a Tangenf to the exponential 
Curve DB, wbt^eEquation (piUting AC=:Ar, 
C B =^, anda=z a given ^antity more 
than I J isa^z^y*^ 

Put a = the hyperbolic Logarithm of 
aj and Y = the hyperbolic Logarithm of ;r ; 
then, by the Nature of Logarithms, xA=:Y ; 

in Fluxionsy ;c A === Y r= (See Article 17.) 







X; which divided by A, makes x=J!L; and 

y ^y , 

this fubftitutcd for x, makes the Subtangtnt 

CT 






etc 



- 221, Art. jff.) = JL==I..Whcnce 

we may obfcrve, diat, the Subtangent being 
an invariable Qrantitjr, th? Curve pB is the 
logarithmic Curve. (Sec Art, 77 andyS.) 

CI. HiTHBiiTO we h«ve treated only of 
Curves referred to an Axis j or, of thofe 
whofe Ordinafes arc parallel to one another z 
We therefore now proceed to the drawing 
of Tangents to Sfarah j or p thofe Curvas, 
jitt of whofe Ordinates iffue from one and 
the fame feet Point. Vrhcct Note, the Or- 
dinate and Subtangpnt are always perpendi- 
cular to each other. 

c2. Suppose C* indefinitely near to CB 1 
Aat i^, let the z.Ba be fuppofcd indefinitely 




fmaU i and with the Ordinate CB, as a Ra- 
dius, 



[ 
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dius, let the indefinitely fmall Arch B ;r be 
defcribed ; which being confidered as a little 
right Line perpendicular to C^» and the in** 
definitely finall Part of the Curve B ^ as co- 
inciding with a Tangent to it at the Point B ; 
then^ betaufe the z.BC^ is indefinitely finally 
the la bn& and BCT will be indefinitely near 
to fin^ilarity ; that i$, in the very firft Mo- 
ment of the Exiftance of the. dbnB^ it will 
be fimilar to the aBCT : Therefore, if wc 
put the Ordinate CB==y^ Bnzs:x\ and nbs^yi 
we (hall have/ : x : :;f : CT; that is (Art. 

6.) yixi.y.CTi vCT=S; whichis 

y 

the fame general Exprefiion for the Subtan- 
gent as that before found for Curves referred 
to an Axis^ (jirt.^S.) 

5j. But, this fame general Exprefiion, 
may be obtained without the help of Incre^ 
mentSj or the fuppofition of indefinitely finall 
Quantities, thus,~^ — Let the indefinite right 
Line C £ tarn, like the Radius of a Cir-* 
cle, round the fixt Point or Center C with 
an uniform Motion \ and, at the fame Time, 
let a Point moving along thereon, generate, 
or move with fuch Degrees of Velocity as al- 
ways to be irj the Curve C B G, to which 
fuppofc TBD a Tangent at the Point B5 al- 
io,. 
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jb, let Bm be a Tangent to the circular Arch 
ABn defcribed with the Ordinate CB as z 
Radius. Now, when the Point generating 
the Curve €60^ arrives at B, if it was to 
continue on in the iame Direction, with an 
uniform Motion^ and the £une Degree o£ 
Velocity that it arrives thereat, it would 
move along the Tangent TB produced, or 
right Line BD, which would always be as th^ 
fluxion of the Spiral at the Point B: So 
like wife, if we fuppofe a Point to move 
from B, in the fame Diredion, and with the 
fame uniform Motion, that the Point gene- 
rating the circular Arch A B;2 arrives at B, 
it would move along the Tangent or right 
Line B m perpendicular to the 'Ordinate or 
Radius CB, which would always be as the 
Fluxion of the faid Arch at B : And fince 
the Direction of the Point moving from C to 
£, is always perpendicular tp that of the 
Point generating the circular Arch A n ; 
therefore, when the Point moving from B 
to D arrives at D, if lym h^ parallel to E C^ 
the Point moving along Bw will be arrived at 
m 5 and mD will be as the Fluxion of the Or- 
dinate at the Point B. Hence, becaufe the 
A J D /?^ B and BCT are fimilar, \>m \ni&\\ 
BC ; CT 5 tl)at is, the lluxion of the Ordi- 
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nate'CS^Is to th? F/mw«« of the Arch AB : i 
as i^« OcdvxHe PC : i« to tite'Sublivigciil 
CT5 or 6p^King Aarch AB=;?)f, and Ordi- 



nate CB=:;fi; ;j?:jc::j^:5!«=CTia8bc- 

lore* ... 

Exam Pi j; J. 

Ardudtedefi. t . 

Put the Circumference .of the .generating 
Qkc\t=ui^ and its Eikdius CApsc^j Ordinate 
C B ::= jf. Arch A I .G sat 2 j and witfi the 
Ord^ate C JB, as a Radius let the 4;ircular 
Arch Ep be dcfo-ibed, 5vh**ch |)Ut^=«:. Now, 
hi the Nature pf .the Curyej a\h\'.z\y, 

or 



■••-•T"™*'**"''""*'' 



"•^ 



♦ ThfcGuFvc is thus gcnaratcai^WUh theAadks 
C A, let the Circle A G Abe defcribcd with an equa- 
ble Motion, or the PointW defer ibe equal Arches m 
equal Terms ; and at the fame Momont of Time that 
the Point A begins to generate the Cifde, kt another 
P<»nt b^'m to move ^ong the f^d Radius from C to- 
wards A, and to pafs over it with an uniform Motion, 
and fuch Velocity, that it may arrive at A at the very 
fame Moment of Time that the faid Radius &a!l bane 
defcribed the Circle, or come to be in its firfk Situation. 
Then will the Point movingalong the Radius CA, gene- 
«te, ordefcribe, the Curve CB*A, called a %>«/, the 
invention of which is attributed to Anhim^d^s. 
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or (Arfick 8.) a '.Btiiiit •• i ^ 

Biit, it is evident^ the Velocity of the Point 




generating the Circle» is to the Velochy witk 
which the Point B generates the Arch Bfr, as 
CG to CBj ut. %\x\ib\y\ v « = 

JL. Hence we have JL-r^^ \ therefore 
J y b 

m 

hxsxoyy^ and x ss ^ $ which iubilituted 

for X in the general Expreffion for the Sub-^ 
tangent fZ (Article 52.) makes the Sub^ 

y 

tangent C T :s» ^Lss (becauie by the above 

Or 



a 



:b: 'js:y, or nyssbzt) ^=s:^. Which 

r 



M ' gives 
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gives the following Conftudion» vtz. With 
the Orc^n«te C.B, as a Radius, defcribe the 
circular Arch BD j and make CT perpendi- 
cular to C (>^ and equal to the Arch B D : 
then will T ^ the Point through which the 
Tangent B T produced muft pafs. For, 
then, the Scdtors CGA and CBD will be fi- 
milar ; and confequently^ CG : GA : : CB : 

BD} i. e- i I z : : y :BD—y— zs: CT. 

E X A M P L E II. 

^5. j7a draw a Tangent to the Logarithmic 

Spiral. * ' 

/ - - - X ... , 

_ " '• • • . . 

:_ Put tlje Cttryc C/B = 2;, ?ind its corre- 

fjponding Ordinate B C =^^. Now, if we 

iuppofe ^he PointsJB, y, G> i&, &c. indefi- 
nitely near toeachbthcr, the little Parts of 

the 



* This.Curvc is thus generated :~In the Circle AFH, 
let the Arches AD, DE, £F, FG, OH, Ve. bema^c 
equal to each other 5 and the righr Lines (3rf> CB, C/, 
;,CG, CA,^f^ in geometrical Proportion con|:inue^: 
then, a Line drawn from the Center C through the 
points /, .B. /. G,, h^ tf r. wili be the Curve called a 
- LogarithmiiSfiral 5 wbi^h Name is giyeti td it, ketaufe 
thi5 Arches AD, AE, AF^Wx. will be the Logarithms 
of the corrcfponding Ordinate^ Crf, CB, C/, isfc. 



f 
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* ' k 



X ^ t 



H 




Jthc Curve B^ /G, (^c. may ]t)c confidered as 
indefinitely fmall right Lines ; and therdFore 
(l^caiirciby the Generation of the fcurvc, CB : 

Xy : : C/ : CG, afld the Angles ^C/andyC^ 
arc equal,) the little As CBf and C/G will 
be fimilar: Coufequently, the Angle macife 
Jby jChe Curve and . Ordinate is always the 
lame ; and the Ordinate and Curve are in a 
giveii or nxt'Propbraon, vrhich fupppfc to be 
as ^ Co ^ 3 that is^ yiz,i:ai6; thttefot^ 

f^/. 8.) j^ : z : : tf : ^ ; V « s= Si. Let G^ 



u « ^. 



be fuppofed indefinitely near toCJS j and the 
little Arch 6;^' (delcfibed with the Radius 

M z CB) 



't 
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Cfi) as a little right Line perpendicular to C^; 
then> B^ being confidered as coinciding with 
a Tangent to the Point B, we ihall have, by 

47 E. I. Bfe=*B»)*+«^S that is, (putting 



(jirt. 6.) i=M?4^r. Hence, ^= 



^•-f^*)* i the Square of which Equation, is 
fy asx^-fy*} and this, by Multiplication 



rS«;s 



and Tranf|ofition, produces 6*y^ — tf *j^^ 

which being fubftituted for y in the genersd 
JExpreffion for the Subtahgent, viz. % 

y 

(Article 52.) makes the fought Subtangent 

C T = 2!2!^=. X !2!^. And 

ak a 

hence we may obfcrve, that, (becaufe by 47 
•E.I. fBl*=6c)'-fdTl% i.e.TT^'==y*-f 

^y" X -II^ss-^,) the Tangent TB is = 

^ssyX'—; and confequently, the Tkngcnt 
and Subtangent are ^ each other as ^ ' ta 

CHAP. 
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C H A P- V. 

OfjmMng the Points of Inflexion, or ^con- 
trary Flexure, /» Curves* 



j6.TT THEN a Curve from being Con- 
VV cave, becomes Convex towards 
its Axis } or, from being Convex, becomes 
Concave } then, that Ppint in it, where the 
Change is, made, or that which feparates the 
Convex from the Concave Part, is called the 
Point of InfieSHon^ or of contrary Flexure. 
So that, if at the Point oi InjleSlion^ aTangent 
be drawn, it will there cut the Curve. 

Thus, in Vig. i . if AB be Concave, and 
BD Convex; or^ in Fig. 2. if AB be Con- 




vex, aiid DB Concave towards the Axis AX; 

then B is the Point of InfleSton ; where, the 
Tangent TEG cuts the Curve. 

. $7. Now, 
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I t 




57- Now,, it is evident, that, in any 
Cjirvc, in Order to determine Whether the 
Abfcif^ or Ordinate flows witji an accelerated, 
tinifbrq;^^ or i:etardQd Motioo, and the Quan^ 
tity of it, or the Value of its Second Fluxion^ 
|t is neceflary ^tha^ pi^e .qf therq b^ qiade to in* 
cre^e with a given uniform Motion, with 
which the Velocity, or fwiftnefe of Increafe, 
of the other may be always compared. And 
therefore, if we fupppfe ,t|ie Jbfcifi (as be- 
ing the;^moft Natural) always to increaie 
with one and thei^me given Degree of Ve-* 
locity, or equal Parts of it to be defcribed in 
equ^L Times ; the n, bccaufe the Diredlion of 
the Curve from A to B (Fig. i.) or from B 
tQ-D (Fi^. 2.) continualiy appr9$LChes nearer 
to a Par^Ilelifra witji the A'xis^; it is.evidei\t, 
the Ordinate between thefc Points, niuft flow 
^ith 2l Motion continually retarded : Ana, 

becaufe 



i 
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Beeaufc^h'e DifedSdh of flit'Gn^ from B fe • 
D CPig. J.) or friim Afo^iB (^^.2.) %lp- . 
^ixS^Kihescontinuyiy iieiaifcr to^a'^Pcrpindrcn-J 
lar to ihc Axis , tiiercfiirc, ^fwien -iKefe 
■^ints, the <5rdihate muft-flow, "ot indrcifeij 
With a'NIotion contmually Accel^-^ted : Con*, 
fluently, at "the iPbint of /«/Rf^/o» B, die 
Ordinate «^ill ftbw with a Motion "neirfier ac- 
tckratfcd nor retarded, Wd iherelorc, m^A 
ah umfbrhi Motion: that Is, it the Point dF 
'tnp^ton'B, the- Sec6Hd'FEixi6nt-6i the Ab- 
£;i& and Ordinate will each of diem be=o.. 
~-Which is alfo plain, fince theF/«x/0«of the 
Ordinate* atd^s Point B, muft be zMaxiniuM 
or a Minimum', in either Cafe its Se&ond 
Fiuxion Is := o. 

58. No w, to find the Second Fluxion of 
'ari Equation, every Firfi Fbixion in it, not 
'luppored Vwi'r A»i/^, ibfiuft be corifidered as a 
"dilKnia Hjd^dhle ^driiity j ""and then ' the E- 
,.quation put into Fluxions by the Ruks laid 
down in CBflj&. II. ' 

thus,; the FirJiFliixion of the' Eqttation 
'<T;^==yS "being ^sii^i the. Second Fluxion 
•^bf it, ^}iz^ tiie Fhixion of ffx= ijy, will'l^ 
iiSi=2)3i4-2Jjy j that is, tfx=^2^*-f-%)jy. 80 
Kkewife, the Fluxion of ax -—^ xx ■= yyt 5s 
ijj— x'— ;fey *4-;3f . — But, fince eidicr x 



•*-»»» 
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oxy may be fuf>pofed iwoariabk^ (L e. dtfaer 
X ory to incrcafe with an uniform Motion;) 
therefore, fay making x invariable, or x =o, 
die firft of above SecmJ Fbixiimal Equations, 
via. a X ssr2jj'*4"2jjy, will becoccie o=r:2y*4* 
Z3^ I or, if we make y invariable, it will be 
tfxs=:2y^ And, if we make X invariable, 
the laft of the iaid Equations^a;/^;. a x — i»— • 
*if =ry*-f;y, will be — x^^^-^yyi or, if 
y be fuppofed invariable, it will faiecome ^ x — • 
ji*— X x ==y** — Alfo, the Fhixicn of atesx-f- 

•JS^, (fuppoiing X invariable,) is i=:x-f- 

X 

Jji^Zi Or, (fuppofing j^ invariable,) i=x-|- 

X 

y x-^xyy 
-i 

The Third and Fourth Fluxions ^ &c. are 
/ound in the fame Manner ; due regard be- 
ing had to ivxiiFluxims as are fuppofed in- 
variable, 

59. Hence, to find the Point of tnfle&im 

B: Put the Equation of the Curve (where 

the Abfdfc A C is = x, or tf — if, and the 
Ordinate C B =s j^,> into F-Uueiom j from 
which, find the Value of x or jr } and put 
this X or j^, and its Value, into Fiuxiom again, 
making both * and ^s=so : then, by expung- 
ing 
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ing the reft of the ^«x/W/ Quantities, you 
may have x or y, at the Point oi InfleSiion 
fought, determined. 

60: But, the Point of InfleSIion may be 
found without the help of Second Flux^ 
ions : For, if T B be a Tangent to it, it is 
evident, that A T, the Difference between 
the Subtangent and Abfcifs, will be a Maxi^ 
mum : And therefore, to find the Point of 
InfleSlion^ we need only find a definitive Ex- 
preffion for the Subtangent, by the preceding 
Chapter f and the Difference between it and 
the Abfcifs : and then make the Fluxion of 

this Difference =z= o. This we fhall illu- 

ftrate in the following Example. 

* 

Example I. 

61. To find the Point of InfieSiion in the Con^ 

cboid of Nicomedcs ; or^ the Point where 

it begins to he Convex towards the Axis 
AD.* 

N Put 



* At A, the Ciirve is Concave towards DI5 but 
it cannot poffibly continue fo long : for, if it did, the 
fiuther it proceeded,, the more i^ would incline, pr tendj 
towards the faid Line, and fo interfeft it; whereas, 
in fad, Hdt faid Line D I is an Asymptote to the faid 
•Curve, as appears from its Generation, Aru 46. Notu 
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. PuTPD = tf, DA = ^, DC=i=Ar, and 
CB==y J then, by Article 46. the Fluxion of 
the Equation of the Curve will be j^ a=i 

-: Suppofe £to be thePoijat 




pf IxifledUon ; then, the Vluxion of this again> 
(bccaufc, AT being fuppofed to flow with ati 
equable Motion, the Second Fluxiom of x 
and y are each of them = o,) will be 6 = 



b'-—x'^ 



(See Articles 13, and 55.) that is, o == 

' . ^Ty^;^^ ^^ which mumpiicd 

bjr x^-FH^and divided by ^*^*% gives 
ozr: ^ab^ — 3<7x*— *3^ of, ^^ 4- 3^* — 



DocTRiNis e^t^LUXMONS. 91 

2ai* =2 0} by which, at, and confequcntly 
the Point B, may be determined : And, if 
a^szij it will be x^^2^^* — a/^^^-jo j which 
divided by x-f-^, makes x*-\-2ax — 2^ *=:p, 
or, AT* 4" 2ax = 2/2* ; and, by folving the 
Quadratic, x=z^a^i — a. 
Or thus. Because the Subtangent C T 



(^t. 46.) is 
is== 



a-^xxif^x — x^ 



and AC 



xi therefore AT (=CT~CA) 



tf^*4-x^ ^^+^= a Maximum (Jrt. 

6ot) the Fluxion of which is 

+x'=o : then multiply by a''l^-\-2ab^x^'\-x\ 
and ftrike out the contradidory Terms, and 
it will be zcf'b^x — j^ab^x'^x — '^a^b^x^x -^ 
lab^xx — b^x^x = 03 which divided by — 
ab^x — ^*xx, gives a:^+3^x* — 2^^*=:0i a$ 
before. 

Example II. 

62* To find the Point of InfieBion in the in-- 
terior or infieSled Cycloid^ the Circumference 
ofwhofe generating Circle is to its Bafe as 
4 *o 5.* \ 

N 2 Pur ^ 



MmmAi 



♦ See how this Curve may be generated^ Appendix^ 
frth. 6. 
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Put the generating Semicircle A GF=:tf, 
Bafe FD=^, Radius EA or EF=:r, Abfcifs 
AC=Ar, Ordinate CB = y» Arch AG = z. 




and Sine GC=i j and fu'ppofe B to be the 

Point of Infledtion fought! Now, by the 

Nature of the Curve, a:b::z: (GB) y — s ; 

and therefore . (jirt. 8.) a:i::z:y — i j 

bz 
.^. ay — as=^z, and jf= s ] ■ . Let the in- 



cremental Triangle Gjf», and the Radius EG 
be drawn j then will the Triangles ECG 
and Gng be alike : (for, Gg being confidered 
as an indefinitely fmall right Line coinciding 
with a Tangent to the Point G, the Z-EGg 
will be a right Angle, and therefore =: 
ACEG+Z.EGC; and, the Z-EGC being 
common, therefore Z.CEG = A.nGg j aind 
confequently, the Z.s GCE and G«^ bemg 
right, the Z.EGC ;= the zS^gn therefore, . 

as 
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as «G ingi^.EC: CG, or (j^ri. 6. and 19.) 
X and i bemg Negative to each other, as— i : 

S; : : x—r : j j V i = ^'~^ ; but, by the 



Property of the Circle, GC=:ACxCF]^, i. c.^ 
j=2|r;c — P'M which fubftituted for J, makes' 



._r—it X J^ 



i. e. z=j?^p^ = (by fubftituting for i, 

its above Value,) . Hence, by 

2rx — x^ * 



writing for s and i thefe their Values, we 



have the above ji' (=i-|-— )= =^. T. 4 * 

^rx _ /^r-f^r— tf y ^ . ^nd this pttt 

oKirx — *»)'* tfX2rx — Ar*\» . 

into Fluxionsy (fuppofing x to flow with ati 

uniform Motion, when by Art. 57. x and 

y, at the Point of Inflexion, will be =s o,) 

is o = -"^^''~J-x»j confequently^x— 
^r»— ^r*=o, and irjc=<ir*+^r*} therefore 
x=±i:fr, and E C (==^-^; = -|^i which 

gives the Point C in the Radivfe E F j from 
TKrhich if a perpendicular Ordinate be drawn, 

it 
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if will f^li pn the Point of In^^^iioa ibught* 
And this is a|i univcf fal Tbcprem for all ia* 

jQe&ed Cycloid^ when ,_ exprefles the Ra^ 

119 Qf the Circumferepee of the generating Cir- 
de <Q the Bafc of the Cycloid ; which, in the 

pse^t Cafe, beirigil, therefore E C 55s4.EF. 
[5^^ Appendix, Pm. ii. Corol. 3.] 

Example III. 

63. To find the Point nf Infiediion B, in the 
Curve A6D, ivbofe Equation' {putting the 

■ JifciJsAC?^, ChrdlmteCB^y, and fie 
Ferpendiatlar AFz=a,) is aX^z^d'y-^-x^y, 

The Equation of the Curve put into 
J^luxionst is zaxxr^ay-^-zxxy-^-x^y } there- 




foxej^rr?^^^, i. e. (by fobftituting 

ax* 
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a +x ^ +^ 1 

and the Fluxion of this again, makmg x and 

y=s=o, is o =: 

2tf3x*x^*4-A:*\ '^:4a^xx4'Ax^xx2a^xx 

therefore 2^ ^^x^^^-prn* — -. 4^*a;;c *f. 4x^x k 
2i}^^x=^0) and by dividing this by 2aH^i 
we ihj^Il hflWns*S?I|I^ — 4^*^^* — 4^:+ sza oj 

therefore 4^* + 4^*Ar* = ^ *-f"H* » ^^^ *^^^ 
Equation dividai by ;t* -f" ^% makes 4x2 = 

tf**^3C* ; by Tranfpofition, JX^r-r^ * ; %• ^C^rrs 

•5<r*, and a;=£=u2V^; and if this be fubftituted 
for X in the Equation of the Cxscvc^ we fhall 
feaw^;?, or, the Ordinate at tfie Point of In- 
feaion mi ^^. 

- If it w^c required to find the Afymptote 
of this Cttf ve ^ we need only Aippofe the 
Abfeife afid Curve to be indefinitely ex- 
tended : for theii^ becaufe Af* will be indefi-p 
iritely near to Equality with tf*4"^% ^e 
ihatl have J (which by Equation of^heGurvp 

is:=tfX— ^ ,) indefinitely near to Equality 
aiJf^x^ 

with the given right Line a j that is, y will 
then be = tf, Minus a Quantity indefinitely 

fmall. Wherefore, if from the Point F, a 

right 
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right Line be drawn parallel to the Axis AE, 
it will be the Afymptote required. 

» 
64. Note. In Order to know whether an 

infle<3:ed Curve, at any Point affigned, be- 

Concave or Convex towards its Axis; find the 

Value of y at that Point : Then, (Art. ^j.) 

if jhis Value of. y comes out Pojitivey the 

Curve will be Convex towards the Axis • andj 

if it comes out Negative, the Curve will be 

Concave. 

Thus, in the laft Examiple, if it were re-t 
quired to find whether the Curve be at firft 
Concave or Convex towards the Axis: Suppof- 
ing az=z 10 5 make x=z:iy or A:=any Number 
lefs -than ^v^? or lo^^T". then, becaufe y 
is always as ^»-+x^)^ — 4^*^:*— 4*:^, this Value 
bf y will come out Affirmative ; and there- 
fore the Curve at firft is Convex towards th^ 
"Axis : And when x is s= 6, or any Number 
•greater thma\/T or lOi/T, this Expreflion 
Vill come out Negative j and therefore, then, 
wv^ r*,trvA wilt he C!7»r/2^e towards the Axis* 



»• 



CHAP. 
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. C H A P. VL 

' Of [finding the Radius of Curvature. 

65. A S the Curvature, or Convexity, of 
"'^ all Curves but Circles, varies in every 
Point 5 therefore, if Circles are drawn to co- 
incide with a given Curve in any Number 
of Points 5 the Radii of thcfe Circles will 
be different : And the finding of thefe Radii, 
is the Bufinefs of this Chapter. 

66. And, bccaufe all Curves but Cir- 
cles, are formed or generated, or may be con- 
ceived to be formed or generated, by the £•* 
volution or winding off of fome other Curves; 
therefore, the Centers of the Circles which 
coincide (or have equal Degrees of Curva- 
ture) vcrjth the different Points^ or. rather In- 
crements, of the Curves thus formed or gene- 
rated, will always be in the Curves to be un?- 
wound, which Curves are called the Evo^ 
lutes i and the others formed or generated, 
or conceived to be formed or generated by 
their Evolution, are called the InvoIute^s. 

67. Thus, let DEF be any Curve, called 
an EvoluteK', f^upd which, conceive aThread 
to be woun^ and extended beyond the 
Curve, from D in a right Line to A i and 

O let 
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let this ThrejCd be evolved, or wound off, 
from the Curve DF, fb that it be continually 
ftretched at its full Len^h as it leaves the 
Curve : Then will the Point A generate^ or 




dcicribc, the Imolute Curve ABG i and the 
right Lines A P, B E, G F, will be the 
Radii of Curvature at the Point? A, B, G, 
refpcdivcly. 

CoROXIAklBS. 

I. The Radius of (Evolution or) Curva- 
ture BE, v^ill always be equal to the Length 
of the Curve ED and right Line DA : And^ 
confe^uemlyi if the vertical DifhinQe, or 

fhorteft 
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ihorteft Radius DA, vaniih ; that is, if the 
Radius at A be Nothing ; then, the involute 
Curve will begin at D ; and fo, the Curve 
!DE will be equal to the Radius of (Evolution 
or) Curvature at the Point B. 

2«. Because the Radius of a Circle is 
perpendicular to the Tangent, the Radius of 
Curvature at any Point B, is always perpen- 
dicular to a Tangent at that Point. 

3. TftE fame Radius BE, which is per- 
pendicular to the" Involute at the Point B, 
is alfo a Tangent tb the Evoluib at the 

Point £•" 

P RG B. 

To deduce a general ^xprejfion for BE, the 
Radius' of Evolution^ or Curudture^ for any 




O 2 



Point 
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P(nnt B of the Involute Curve ABG, wbo^ 
jlxisisAXy and Evolute D%. 

68. Put the Abfdfs AC ;= x, and OrdU 
nate CB=:!=y ; Suppofe b £ indefinitely near 
to BE, be indefinitely near and parallel to 
BC, and Bnm parallel to AX ; i. e. let C: or 
B«::=;c', and nbrszy ; Then, B^ being confi- 
dtred as a little right Line coinciding with a 
Tangent at the Point B, the Triangles ^nb and 
BCH will be fimilar; (for, z,EB^=s;Z.CB;», and 
therefore, the z.EB^ being common, the z.s 
n^h and CBH are equal j •/ z.BA«=;Z.CHBjf 
ergo^ huz.) and, the 2LB^/Kr^being right, the 
Triangles mnb and bn^ will be fimilar alfo ; 

Wherefore, B»: «*:: BC: C H j thai; is, 

X \y I'.y I ^^=. C H; and therefore (by 

47 E. I.) B H = JBCl'+CHJi* = 



yy *—y 



2L. Again, ^n : nb : : bn : nm-, i.e. x :/::/: 

X 

2^z=Min\ ',' Bm=zx'4- -Z_-. Now, becaufc 

the Dircdtion of the Curve ABG approaches 

continually 



• . .^ 
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continually nearer to a Paralielifm with the 
Axis AX; therefore, if we fuppofe the Ab-- 
fcifs (AC=x^ to flow with an equable or 
uniform Motion, u e. fuppofing x' or x to 
be invariable, or always of Ac &me Value ; 
then, the hcrement of the Ordinate (CBss=y^ 
or the Velocity or Fluxion with which it flows^ 
muft continually decreaie ; that is, the Second 
Increment or Second Fluxion ofy will be Ne- 
gative : Therefore, then, Hb, the Increment 

of AH, viz. the Increment of x +-^7-1 will 

X 

be==x'-f ^ ~~?y , Now, the Triangles 

X 

BBm and E H i& are fimilar, as is evident; 
therefore Bm-^Ub :Bm:: (BE — HE=:} 

B H : B E 5 i. c.^: x'+J^: : I^xi'^^h 

X XX 

flJ^^jLpSEi or, fubftituting the Fluxions 

xy 

for the Increments (Article 6.) B E = 



• •• > 

6g. Or (without the Aid of Thcremenis) 
thus. With the Radius E B, defcribe the ^ 
circular Arch BK, which will therefore 
have the fame Degree of Curvature as the 

Involute *^ 



lovolatfe Curve A B at the Tcmt B. Ih$w 
the Radius EKparalltlta the Axis AX; and 
produce the Ordinate B C td N» to Which 
draw AL parallel. Put the Abfeifs AC=5X> 
Ordinate CBss^, Radius E B or £K ss= r, 
KLssta, zndLAstsi; then N£: 







Noir, if we fup{te(c the Abfciifs fx) to in- 
creaiib uniformly, and Bm to be a Tangent 
at the Point B ; then» if we draw mn pardlei 
to BC, and Bn parallel to AX, by jir^. 3(7. 
B/r, fim^ and mB^ .will be as .the Fluxions of 
the Abfclfs, Ordinate, and Curve, refpedHvelyj 
that ig, B n will be as x, » /» as y^ and (bc- 

ca ufeby 47 E * \.. B;^te:S3pp^ B w 
as x^-\y^i. Ndw, the Triangles Bnm and 

BNE 



l-K* 
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BNE are iimilar ; thereforec Bn mmz: BN : 
NE, i. €• X :y ::y-^ii T"^ a—k '^ V 

rx^-^x— ^^jy+^y > '^^ Fluxim of which 
Equation (fuppofing x invariable^ and there- 
fprc> the Piredion of the: Curve AB con- 
^Dually approaching towacd* a ParaUdiiia 
with its Axisy ^ Fluxim a£ y m Negative,) 
is — . i* ==j^«--;yjf--^y 5 V ^*-b'*=f45>^. 
Again, by Sim. As, N B : B E : : » B iBm, 



r;ir 






which fubftituted for i-{yt qiakes the aBove 

»*-fy*«= -'^,.. } therefore x» -f / x . 

^4 y*tt=r;y, i. e. '¥^fhs:r^ ^ . V 

^d^lW^^ajBE ; as before, 
xy 

70. Note. When the Abfcifs^ x, -flow* 
with an uniiS^rm Motion/it foilows from Art 
^y. that the Ordinate, Jf, ftows 'with av/Vw 
tarded Motion when it increafes and tha 
Curve is Concave, or #h<m it decreafes sad 
the Curve is Convex towardt the Axis ; ^4 
with an accelerated Motion when it decfea^ 
and the Curve is Concave, or when it in^ 
creafcs and the Curve is Convex towards thfc 
Axis, Now, when y increafes with in ac- 

' ^ " celerated 
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cdertited Motion, or its Seamd Fkxion vi 
Affiraiative» tfac^^ctal Expreffion for die 

Radius of Curvature will be =t , "V ' ■ 

— xjf 

'71. HencE) becauie we may fubititute i 

Ibr any invariable Fbixim^ if we put x :^ i, 

die general Exprciffion for the Radius of Cur« 

iriturc will be a^'V ' ■■ when v incrcafct 

iwth i retarded Modon, or its Second Flux- 
im is Native: And ;=ill2IL when j^ in- 



creafin widi an accelerated Motion, or its 
&r0ifii Fluxion is AfErmitive. The former 
takes Plate whence. Curve is Concave^ and 
dbe latter when it is Convex towards the^ 
Axis. — -Wherefore, if we put the Equa- ^ 
tiooiof the g^venCunre exprcffing the Rela^ 
tKML botweiM the Abfcifs x and Ordinate^- 
Ix^rFkxiom, msiklng xsziy or from the 
tjjitute of the Curve, find the Value of 
jnssrt in Terms of x^ J^^ fnd j^ ^ and theft 
pat this fluxiGdaal Equation into Fluxions 
agui^, ftill fubf^tutmg i for x, and making 
thd Fluxion of j Negative when the Curve 
is Concave^ and jSffirmative when it is Con'^ 
vex towards its Axis ; from thence, the Va« 

lues 
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lues of the Second and Square of the Firji 
Fluxions of y may be had or determined : 
Which therefore being fubftituted for them 
in one of tbefe general Expreffions, viz. in 
the Firft when the Fluxion of j/ is Negative ; 
and in the Second, when it is Affirmative : 
^ Wc (hall then have a definitive Expreflion 
for BE, fi'eed fvom^luxions^ or, the Radius 
of Curvature required. , 

• 

72. N. B. The fhorteft Radius, or vertical 

. Diftance, AD, may be obtained, by . 

vrriting for x and jf their Valupsi in 

the general Expreflion for the Sub^ 

normal CH, which was found in Ar-^ 

ticle tZ. (rssj^, i.c. by fubftituling 
X for x\ zxidiy fory,)=i=^; or, mak- 

X 

ing x=2=:r, by fubftituting^the Value of 
y in yjfy i. e. by multiplying the Va- 
lue of ji' by ^ ; and then making y 
and y vanilh in the definitive Expret- 
fion, which will then be found.-*—* 
For, the Expreflion for the Subnor- 
mal CH being the fame, at whatever 
Point of the Curve B is taken ; thcre- 

P forcj 
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fore» if it b^ taken at A, where 9i 
and y vani0i, or become ==: o, the 
Point C)muft of coofequenoe cpificidc 
with the Point or Vertex A» and the 
Point^ E and H^ with D : ergo^ ^f^ 

73. Note. The fubftituting Uiw/jr, or i, 
rather than any ^ther Number, for an imia^ 
r table Fluxion^ h^s no Manner of £|fe<£t on 
the Working, otherwife than by making the 
Operation much leCb laborious ; and, in rea* 
lity, it is no more than making Unity the 
Standard of the other Fluxiofu, or reducii^ 
the other Fluxims to a Comparifon with i. 

Example I. 

744 To find a dative Ea^eJ^far the Ra- 
dius oj Otrvafwe fiE ; as alfofir AD, the 

(i 




A C 



Difi^e 
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Diftance of the Vertices of the Evolute and 
Invdute Curves: St$ppofing the htmlute 
Curve A6G to be the conic or common apol-^ 
knian Paraiola. 

The Equation of the common Parabola 
is ax=iy\ {Ste Art. 4,1.) the Fluxion of 
iffrhich is ax=:2yy^ or, making i* ts i, it is 

ns&aj^y; therefore yzsz^f^ =s — f^, forjr 

h:s^ax^i\>y the Equation of the Curve: ' 
Now, the FiuxioA of this Equadpn again, 
(the Direction of the Curve approaching 
continually towards a Parallelilin with the 
Axis, and therefore the Fluxion of y being 

N^ati^^ Art. $j.) is— ^=* 'Tf_ : Whence, 

y* ssi s=— > an^ y= , . Now, 

if for/* and jr we fubftitute thefe their Va- 
lues, we ihall have llOLL, the general Ex- 

y 

vrefiion for the Radius of Curvature B E 



(Jti. Jt.) ts: — 



s 



^4»^^ Aox+a 



4 "*^ ' 

a 2a 



which is the definitire Expreflion required. 

Pa And, 
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And, by fubftituting for y its Value — 9 in yy 

%y 

{Art. 72.) wc have — or i ^ =;;=: AD the vcr- 

tical Piftance : Which fame Truth may be 
inferred from the Expreflion for the Radius 
BE; for, when the faid Radius becomes the 
vertical Diftance, that is, when the Point B 
coincides with A, x vanifhes ; and therefore, 
by flriking \ax out of the faid £xprdIion» 

we have — r == t 4^ : as before* 



Example 11. 

75. i>/ y " = X exprefs the Nature of all Par 
rabolas univerfally^ {See Art. 42. ) To find 
the Radius of Curvature (or of Evolution J 
and the vertical Diftance ; as alfo^lhe Confer 
quences on tbefe three Suppofitions refpeStiver 
ly^ viz. m ;= 2, m more than 2, m lefs 
than 2. 

Th? Fluxion of this Equation (making 
x=:i,) is my^^y^=zi; and the Fluxion of 
t^MS again (fiippofing the Fluxion ofy N^gar 

tive,) is m-^i x my^^y^-^mf^^^y^^Q^ Hence 






jwy"*^'' ' -*.«—■» 



222!!!Il/ == (by dividing both the 



Numerator and DencMiwnator by f»f*^*»} 
^IlLi* s- (by 'writing for jr* its equal,) 

-^Zi-i Now, by fubftituting for y* and 

jf thefc their Values, we (hall have the general 
Expreflion for the Radius of Curvature, was. 



ii|^.r^.7>) 




•-N* 



m 



>'«-*-f i]^ 



^^ 



as- the Radius of Curvature required. And 
by fubftituting -^j^ in jiy r^rA 72.) 

We have the Subnormal = :— Jrr ~ /L y^ 
i!!Z!! } that is, when >w = a> the Subnor* 

mal is = J— s=: — ssthe vertical Diitance; ana 
2 2 

when 
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when m is more than 2^ i^en 2-^m will be 
a negative Index, and oonfequently die pro- 
per Place of y will be in the Denominator, 
and therefore, if jr be madess^, theExfMref- 
lion will be infinke, and equal to the mtU 
cal Diftance : And laftly, when m )$ kfs 
tiian 2, then z — m is a pofitlve Index, and 
pf's proper Place is in jthe Numerator, as in 
the Bxpreflion; and therefore, when the 
Subnormal is equal to the v^dd DiAance, 
cr j^ stt o, the iaid vertical DiAance will be 
Nothing. 



Example IIL 

76^ To find the Radius of Curtature in that 
tnoji beautiful mechanical Qirve the C^^ 
ckid ^ I as aljb^ the Diftance tf its Vertex 
from that of the Embite. 

fxsT OF or OK — = a, ACtHK h, CBtssy^ 

SineNG=J, and Arch FG=:i:5?. Now, by 

the Pro perty of Circles, NGrirkN x NFf*, 

i. e. i=;=:2^-^4; the Fluxion of which 

J^uation 



i*1Fi«iMk.«i^ 



■kvpvw 



^ Sec how thU Curve is generated, Artick 48* 
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Eqtutfon is ii=.^S^.; And, by the Nt-' 

tpre of tfao Cyck>id, '(S«e A^, 48.) Aldb 
K G = GB i and thci«forc. Arch F G = 
GN + AC, orAC^ArchFG — GNi 
i. c. xs=iZ — sss jtby fubft ifatting for * its 
above Value,) z — 2tff— :y*i «} and the Fbix: 
ion of this Equation (making x=:i,) i4 x=s 

■''* But (Article 69.) «sa 
(by writing for i its above Va* 

irri wMch 

" «\ a # ^ 



fubftituted for », makes the above Equation 

I 




ttSi 4n tUTKODVCTlON fotbe 
J... f^r'^^J^, that is, I = 

,yy 5 therefore y = ^5!)Zi*and 

the Fluxion of this again (the Fluxion of j^ 
bemg Negative,) is •— jr.= 




y yx2ay~^y*\ t 
(by writing for y its e^ual,) ^ j that 

ig.fcs:'^ Now, by fubftituting- ^"^"7? 
ioty, and -^ for 7, we (hall, have, by 






^r^ 71. iEt= — £ 



2<y>^ —BE, the Radius of Gvrvature rc- 

quired. Whence, by Analogy, BE : zay^l^ 

: : 2ay : ay, that is, BE : 2ay{r : : 2 ': i; 

but itfJlx = Chord F G j (for, by 47 E. u 
G^^^m\*=z Fg1% and, by the Property 
of Circles, Gi^* = KN x NF j therefore. 
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FG)*==KNxINF4.NF1* z±:7^^y+ 

y* sss 2ayj and confcquently F G == 2^ -,) 
therefore BE=2GF: And, as a Tangent to 
the Point B is parallel to the Chord KG, 
by -^.48. and tte Angle KGF is right, 
by the Property of Circles ; therefore, by 
Art. 67. Cor. 2. the Radius of Curvature 
BE will be parallel to the Chord GF. ^ 

By jiriick 72. if we fubftitute ^ ^ '^ 

for its e€|ual J, in jjy ; we (hall haye the Sub- 
normal CH=:2i5|y— ^y*!^; which, when ^ 
vaniflies, becomes=o, and equal to the ver- 
tical Diftance : So that the Vertices of the 
evolute and involute Curves cdiricidc. 

Example IV." . 
'j'j. 2tf find the Radius of Curvature at any 




Toinf 
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Foita ^ tftbe Cunot AD i ubtprNafun 
is fucbt tUt the TriMgb CBT, made xf 
the Ordinate^ ToMgetit, and SukoKgmt^ is 
always proportional to the Ordinate CB ; ar« 
wboje Subtangmt CT is ahoays tbe Jamt* 
(See Art. 50.) 

f>^T the given Sobungmt CTzs^^ 
G C t= *, C B =7 J then (by Art, 382) 

•?:-=«, that is, (if X be madessi,) ^?:=stf| 

vi=^ $ thcrcfiw^ y* =l -—,. and fbc^ 

caofc here 7 flows with an accelerated Mo^ 
tion, or^ its SecmdBuxm ia AfErmativ^ 

yzsi-^^ L e» (by fubftituttng ^ for ^ its 
equal,) jf = -4-. Now» by writing fory* 

and jf thefc their Values, in ■ J^.. , (Jrtick 

^4 



» + 




tf^5^* 



71.) we fliall have 

s=r the Radius of Curvature fought : Where 
the negative Sign; only fliews, that the £* 
volute and Radius of Curvature lie on the 

other 
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Other Side of the Curve with regard' p x 
and/. 

78. NoU. The above Curve is the bgs- 
ritbmic Qtrw^ whofe ATymptote is EG: 
which is fb called, becauTe when Uie £ud 
A^lnptote is ^Ided into any Number of 
equal Parts, as in the Points G, T, C, E^ 
thfe drd^tes to thefe Prants will be in geo- 
metrical Progiefiion i that is, GT, GC, &r. 
will be the Logan'tbms of the Ordioates TF, 
CB, &c. 



Example V. 



79. To find the RtuRus tf Curvature at any 
'Point B of the Curve AD ; wbofi Nature 




isfucb, that the Taftgent BT is every wberi 
equal to the fame ^tven Une jsst sni 
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• PuTGC= =y, CB—yj then, by 47 E. i. 
TBI*— BC|*]i = C T, i. e. a^'-y^i = 

CT =.(by^r/. 38.)-?., or (making 




therefore, y 



-—-^^i and (becaufe the 

Fluxion of y is Affirmative,) y = 



y X a* — y^i 




•mm 



a2 — y 



r 

fory its. equal,) y 



— , I. e. (by fubftituting 



y + '^ 



y 



a^ — y 



2 



a^ — -y^ 






w 

Now, by writing for y^ and y thcifii their 
Values, in ii^t, (Sec Jrt. 71.) we (h#II 



have 






X tf'— /i* 



> that is. 




tf»ji X a*—y*\* 



or, 






the 



— ^*y . ' y 

Radius of Curvattire required: Where the 

'riegative Sign fliews its Pofition. Hence 

^he following Conftru<a»n,- viz. On the 

Extremity of the Subtangent, T, crc<a the 

Per- 
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Perpendicular TE ^ and draw the right Line 
]^£ perpendicular to the Tangent TB : then' 
will B£ be the Radius of Curvature-at the 
Point B } or, the Point £ will be in J^h» 
EvoluW Curve : Few, the Triangles C9T 
and BTE will be fitnilar 1 and confequentljr, 
BC : CT : : TB : BE, i. c. jr : «*— ^]i : : a: 

^xlC7\^:^BE. 
X 

.The general Expreilion for the Radius 
of Evolution^ or Curvature, found jirf. 71, 
being only for Curves referred to an Axis; 
we fliall now therefore deduce one for 5^- 
rals^ or thofe Curves whofe Ordinates are 
referred to a fixt or central R)int. 

8o. L E T A B G be the Curve; A, the 




« 



A 

I 

GCQtral Point, or that froQii which all the 

Ordinate* 



ut ^li«T|LOPUCTXpN /Wir 

Ofedmates ifCse; ao4 BEy the iUdiiia of Cufw 

^ftttf^st tha Pg^nt B^ u e« let the Pekit B 

Ibe iuf{K»ftd k the Evoktte Curv« : CciQocw* 

Maad £^ iodffinitcfy aeai? to AE ind Ei^ 

i«c«i tettbePpitit&Band^be AipiKk&dibde^ 
finitely near to each others and kt>AD and 

Ad. be peipGndicuUr to EB aod^ Ek itc^OD* 
dvely : then will the Points D and mhtu^ 
definitely near to a Coinddence ; and theroi» 
fore (^rt. 6.) B m and A ^ may he taken 
^ e4ual to BD and AD. Now, if with the 
Ordinate AB, as a Radius, the little circtdar 
Arch 6 n be deferibed, and confidered as a 
fittle right Line perpendicular to A/^ i and the 
Jncremenf B^ be confidered as coinciding with 
a Tangent to the Point B ; then, the little 
light angled tViangle bnQ will be fimilar to 
the right angled Triangle BDA s (for z.ABa 
sss Z.EB3} and therefore, z.£B» being com-i^ 
mon, the2LABD=:Z.«B^^ apd confequently; 
the Angles at D and n being right, ^BADss 
^Bin;) therefore, ^ B : B n : ': A B : B D; 
that it, (if we put the Ordinate A B =: /, 
Bnsszj/, and nb^ssy'y when by 47 £.1. B ^ 
vaibe=:;f^47')^,) 5?H7^i: «'::/: 

= BD or B /» i or (fubftitutiog-x 

for 



xy 



OocTiti MtcfFL XJXl ONS. tx9 



fdf j/, and 7 for/,) i?^.. . ^ 




6D orBffl. 



A^n, B ^ ; ^ « : : B A: A X>i that is, 



j^M^'^--?' ••J'- 



;f ' 



^' 




or. 




n«xi 



which is iexpjrefled by "Ox Jncrenunt md^ 
that is, < fuppofing ;tf to be invariable, ) 




1 1 1 I I I * *t \ 







md. But, by the fimilar 



Triangles EBi aad E«ft/, we have B* — aw x 
]g^ . . (B B — ^ £> or) «i B : BE; that is, 





Hr) 






• **'.» 



• % •• 







3^ X x^-B?»H —BE 5 which is a general Ex^ 

prefiion for the Radius of Evolotion, or 
Curvature, of all Curves referred to a fixt 
or central Point, v^hen x is invariable. 
Wherefore, 

2 €it If 
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«i. If ;c bcmade=:i, the general Ex- 
prei&oQ fcr BE, the Radius of Curvature, 

wiU be= y ^^T\^ . And, if we put 

the Equation of the given Spiral into Fluxions y 
(making ^===ii) and put this fluxional Equa- 
tion into Fluxions again ; and from thence^ 
or from the Nature of the Curve, find the 
Values of jf* and j? : then, if for y^ and y^ 
we fubftitute thefe their Values, in this ge- 
neral Expreifion, we fhall have the Radius 
of Curvature required : As in the £;^owing 
Examples. 

Example I. 

82. To find the Radius of Curvature at any 
Point B of the Spiral of Archimedes, 
ABD.* 

Put 




«^— — ^ 1 II ■■ii m ..iiii^ 



* See bow this Carre it genenteds Art. 54* Noti. 
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Put the Circumference of the generating 
Circle DIG D =: a^ and its Radius AD or 
AG=i5; Ordinate AB =1=;^, Arch DIG=2r. 
Let kg be fuppofcd indefinitely near to AG* 
i. e. let the iSj^g be fuppofed indefinitely 
finall ; and with the Ordinate A B, as a 
Radius, defcribe the little circular Arch B;?, 
which put=x'j alfo, put Gg=iz. Now, 
. by the Nature of the Curve, a: i: : z :y^ 

or, ^=r4 i the Fluxion of which Equatioa 
isif=z^i But, by the fimilar Sectors AB;^ 



Sx 

and AQg", we have y ix iibi « =« — , or 

hx ^7V bx 

(Article 6.) acsr: — 4 Hence, -/-= — j 
that is (making x=i,) ^= — ; which E- 



b- y 
quation reduced, gives y= j therefore 

/=r^ and y ==^= (by writing for 

jj? it Value — ,) Z^ : And, if we fubftitutc 

for V* and y thefe their Values, we fliall 
have^^±ii3L (jirtick^u) = . : 
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y%i + 



■^ 



* 



tf»jr* 



M 






14- il4. j: 

dius of Curvature fouglit. 

. ■ - ' * « » . 

Exam p l t H. 

- •?▼ 

S3. 7b find the RaSus of duro^me afia^ 
Point B of the hgaritbmc Spir^^l ABO j 
vfboje Mquatio» (fmtting^ tbi GrSmtth 
AB=y, Curve AB=z, and a <w</ hfor 
two given Quantities J. issttssAs^,- fS^ 
AiticU 55.) ...... 

Thb Fbtxfon of the Equation of the Curve 



]»azcizbYi theiefoie i 



¥ 



. Let the Ah^ 




glc Bkh Be' fuppfofcd indefinitely ibtll j and 

with 
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With the Ordinate AB, as a Radius, let the 
little circular Arch Bn be defcribed ; which 
beiQg coniidered as a little right Line perpen- 
dicular to A3; and B3 as a little right Line 
coinciding with a Tapgent to the Point B ; 
,wp ihall have, by 47 £• i. 3 8 = 

^Sf^p^*^ i. e. (putting Bn=ix\ n6=y\ 

.andB*=*j',) «=^*+/l^ or» ^y Aibfti- 

jtiiting the Fluxion for the Increment^ z = 
r. Hence, -^=3=^*-fy*I4, i. e.' (if 

we put x=i,) J!.= L4:y*i; which Equa- 

tion fquared is -iL- = i-|-^* ; and this pro- 







tidies j^* =^— ^} therefore, by Evolution, 



^'zss: —ss=Br^ i which being an invariable 

Quantity, therefore jfr=:o/ Now, by writ- 
ing for jf* and jf thefe their Values, the gc-p 
'neral Expreflion for the Radius of Curvature, 




viz. ^^',:^y^\ (Art. 81.) will become = 

R2 y^ 
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I + TT^ 



b 




— -/ .X zsz y yi 



=BE, the Radius of Curvature rc^ 

quired. Hence, and from Article $5. wc 
have the following Conftrudtion : viz. Draw 
the right Line EAT perpendicular to the 
Ordinate A Bj and make AT to TB as 
i^ JdJ» is to ii then, drawix^g BE perpen- 
dicular to B T, the Point E virill be in the 
evolute Curve, or B E will be the Radius of 
Curvature at the Point B : For then, by -^- 
tide SS- BT will be a Tangent^ and the 

Subtapgent AT:;r: j^ X ^^^"^?* y and (Jrti^ 

ck 6j. Cor. 2.) the Tangent and Radius of 
Curvature are always perpendicular to each 
other } therefore, bccaufe the Triangle TAB 
and B AE arc finiilar, TA : AB : : B A : AE, 

I.e. yxX — . ly i\yi / . = AEj 

but, by 47 E- !• B E = SAp+AfiR^* 



It e. 
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Lc. BE 



.««.% 



^+.. 



fc 



s/l^--a 



s # 



*-.* 



y X 



CHAP. VII. 

Of finding the Nature of the Evolute of a 
^/w/i Involute Curve. 

A S it is abfolutely neceiiary for the Learner 
"^ to be well acquainted with the foregoing 
Chapter before he enters upon this^ we 
fhall not here define the meaning of cvcdtfte 
and invobde Curves, it being fuffidently ex- 
plained therein, 

84. Let be be the.Radius of Evolution 
at any Point B of the involute Curve AB, 




whoft 



5c6 4ifiW7KQVVQTW^Jfi(ke 

whofe AKcils Is AC=Xy and Ordioate CB 
==y. Pac^^I ^^A diawjEI^i prodace 
BC to L ; and, equal and parallel to CL« 
draw DN from the Vertex of Ac ^r^t^ 
DE. Then will the Triangles BHC and 
JELJaeAnilar^ and thfrnfore, £H:iJC-:^ 
BE : EL, L e. (by Article 68. writing the 

Fluxion for i^t ferment J 1. x JFIf^.: i 
'::^:22ySlEI.: Again. HC: 



jjy vgr 



CB;: : EL : LB, i. e. C: y : :^iLfjil. 

"'' " y . • = ^^- Now, thcfe arc general 

Eipreffions for EL and LB, .when x is coo- 
^fidered as invariable, and the Flu^tionqi y 
V Negative. Hence* therefore. 

85. If x= I, and the Fluxion of ^ be 
Negative; the general Expreffion for BL 

will be = lit^i and this multiplied hyy, 

is jocite.=se the general Expreffion for LE. 

Now,, by Help of the Equation pf the given 
involute Cairve, exterminate j,;;*, and j?, out 
of ifaefc Expreffions, as in the preceding 

Chapter j 



4 ^ 



I 

<3iaf(ttrj aB4> by uirtiaU fS,^ find th«K veftf. 
cal Diftane AD : Then, if we put the Ab^ 
cSs'of the Evolute DNi=t«, and its Ordi- 
nate NE==^ J by Help of thejfe two Equa- 
tions, «=BL— BC, and v=AC— AD-fLl?, 
we may get Ac Nature of the evolute Curve 
ibE required. • 

86. Note^ If the g^ven Involute be cowoex 
towards its Axis, audi x and y inercafe toge- 
ther,, or the Fluxions* of x and jr be both 
Affirmative j theft general Exprcffions for BL 

and LE, will bqi ii?-,. lOndyx li^ , re- 

fpeaivdy j wherein, tiie' negative Sign, only 
ihews, that the Points L and E inuft be 
taken on th* Concave Side of the iavolute 
Curve, that/ is, on the other Side of it with 
Regard to fc zndy. 

E X A MP L E I. 

^. tofitJ the Nature of tiaf Curve By teS^ 
Evolaiiott the, cmmm Tht^aboU AflO « 
dejcrihed,- ' 



PtrT 
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-Put AC=:*, CB==y j and DN=«, NE=v; 
Now, hj Article y/^ y :sz 



^ax[ 



- i* 




, and y 



% 



■ % 



.^ , = — ==rj J which Values of y, 

4^ 4.x axj* " 

/», and j?, being fubfUtuted for them, the gepe- 
»1 Expreffion for BL, viz. J:tL(j^(,S^,j 



becomes 



I + X 4. tfj«| 



I 



4X 



a* 



AH 
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4X,4rM.x'a^ . a„jj that for L E, viz. y x 

y zxaxY a 

2x-\-^a. Hence, » (= BL — BC ) 



4^+^ X H' — (V or) ^^ =:if^:^i and 
(becaufc by jirt, 74. the vertical Diftance 

2Ar4-{<?=t3Af. Now, the former of thefe two 
-Equations produces x^ ==-"5 > ^^'^j *^* ^"^ 

V 



of the latter, divided by 27, is x'= 

♦i»«^«f«iy. f^=- JL , and 2^i<»—;:«' J which 
theretore, ^^ — ^ 27 16 - 

is the Equation of the Curve DE, exprefling 
the Relation between its Abfcifs and Ordi- 
nate J and, the Equation of the cubical Pa- 

rabola (whofe Parameter is — ^,) being the 

• • • 

fame J therefore, the Evolute DC, is the 
.Scrhi-cubical'pafabola, vdiofe Vertex is D. 

Example II. . 

88. fo find the Nature of the Curve AEP, 

.by iphofe Evolution the given Cyckid ABD 

. is Jefcribed'* . _ 

. S PtTT 



l«VB 



I — I "^ 

* See in what Mgftner a Cycloid is generated^ Art. 
48. Note. 
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f»uT AC=*, CB=jy, Arch FGssa;, OD 



or OFisstf i then (Art, 76.) y\ 



7 







== £:fc£, and j;=5^:Whercfore,(See 



2- .=2jt, and LE =ry x BL: 



r*V5 



layr-^ i X2yrr=2, *2^y— -p) • Hence, if we 

y 

put the Abfcifs A N r= //, and Ordinate 
NErsv, wehave»=: (BL— CB=) 

2y — /:=:7, and v=:t: (AC4-LE=:) ;c4-2x 

2tfy — ;y*jT 
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4^jH-^H*, i. e^ (becaufe, Article 76. x s=s 

z — 2^-^*^*,) -u 2=; 55 -j- 2tfy— ^*1*, or, 

writing u for ^ its e^ual, a;^2? + ^M'-^u*]^; 
Wherefore the cvoluteXurve AEJ? is a Cy- 
cloid/ and equal to the given Cycloid ABD. 
For, let A S = ST =^ ^5 then (A N being 
= FK, ) AR=FG = «, and NR=5 

2^«— «i)4— KGs and therefore AR+RN=» 

z ^zau — u^y i.e. AR+RN=:NE ; which 
is the Property of the Cycloid : Therefore 
the Evoluto AEP is a Cycloid y and, becaufe 
AT=5FD, therefore th* Cycloids AEP and 
ABD are equal. 

. E X A M P I E Hit 






$9* foi Jbid the Naiun of the E'oolufeof tbt 
Qxrv^AD, wbo^ Tangettf, BT, is every 
vhere epuJ to tbefme given Lrnet=:^i» 



S 2 



Let 
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Imx SE ht theiUdtuB of Cuni^atiire 4t 
Ac Point fi; then, hy Art. 79. if n ^cr- 
pendiciilair be crc<acd pn the Pbint T, it will 
pafs thro* the Point E j wherefore, when the 







Point T coincicles with X i> c. when Ae 
Tangent -akl Oi'i^maltt tttcome «qited, 6^ tl^ 
Poinis v& and A <coiacide> the P^t'1:"^(4& 
likewUe coincide with At vConfeqkieilElj^the 
Vertex of the Evolate coincides With that of 
the Involute.— — P«tGX=^, GC = *v 
CB:^;^, AN=», NEzsv $ then C-A-/. yg.) 






r*» ^^y 



^y 




Wherefore, BL (Jlrt, 86.) 



a*- 



1 + 







r— 2v^i} tltttis^ >(baeaufethe .^egadvo- 
S^qnly fliew$ that ; the Points C/ «ii€l 1^ 
SRtft'bevtaisnn too ifaeCoaeave. Side me€ ^e" 

Ifxvbhite £uiye ^D,) BL as.£l£ , 4U)^ • 

•• ..^ ^ y 

LE = a*-^% K |lenc!5\wc 4?gve <ftss J[1.B4- 

a* 



BC— AX==) 



9 



V » 



and therefore ^ = — ;^ ^^^ "i:ri"Ki,, i — -iP^ > 
diufe; u^/wi^ 38. C T :^ ^ 



N •• 



^-ryr^Tjiar, 



X: 



X <i*-Ty'! 



•> 



• .• 



■n i. e. (by writing 



for jr and^ their above Values aff^sded with 
u and it J 6 = ■ 1 . j ; which is an E- 
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^nation for die Evolute Curve AE ; and is* 
alio an Equatbn of the Cafenary Cmvei 
therefore^ the Evolute AE is the Catenary. 

Bur, the above Equation of the Evo- 
lote, may be found otherwUe, thus. Let 
^n:=su\ and ne=z tfi then, the Trangka 
0nE aiid EBT being fimilar, we have en : 



«E:;T^B:BE, lev' :u' tzai^zs:£E 

V 



or (Artick 6.) 



au 



BE : But, BE 



^|*_'riiV|t, i;e. (becau CeET 



Therefore, f!L 



ur^zaii^, and ^ -s 






«*-j-'2a«|T 



' Wtf/tf. The Gi/^«irjr is aCiirve, as ACB. 




farmed by a flexi^ik Line hanging freely 

from 
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from two Points of SufpenfioD^ A and B^ 
whether theie Points be Horizontal or not« 

90. The 'Bvobite of a Spiral, may be ob* 
tidned, by finding the Radii of Cunrature^ 
in Numbers^ at feveral Points of the lnv(h- 
Jute ; which will give as many Points in the 
Evolute Curve : and then> a Curve Line 
drawn through the Points fo found, will 
be the JSi^oAr/^ fiDUght. 



i^* 



PART 



[ '37 1 



PART II. 



mmm 



CHAP. I. 
0/ Infinite Series • 

A 9 the Learner tnay^ perhaps, be 
unacquainted with Ignite Serief^ 
the Knowledge of which is fome* 
times abfolutely nece&ry in Order to find the 
Fluents (or flowing Quantities) ofFluxitms 
exprefled in a fradional Manner, and of fuch 
wherein there are Surds or radical Quanti* 
ties; and, becauie ih fome of the follow* 
ing Chapters^ the Fluents of fuch fluxional 
Expreflions are to be found ; the addii^ of 
this Chapter, mzy therefore not be impro- 
per, though it is, in fomeMeafure| foreign 
to the Buiinefs in Hand. 

PROB. 



[i^B M lUr^OByCTlOfJ to the 



P R O B- I. 

To reduce fraSiional ^antities into infinite 
- Series 5 1. €• to find an infinite Number oj 
Terms^ the Sum of which is equal to a 
given f rational Exprejpon. 

9^ i^ it be^ retfutred to reduce *' * xitto 

... • *+* 

an iffpniti ^eries, 

• ■ 

Place a-\r»( ^ ^ Divi%, ifnd 3 as a Di- 
vidend : and divide, as in common Divifion, 
til yovi havf 4^ 5^ 6, or more Terms fti the 
^Quotient } (Sec the Operation Hehw J ai^er 
^hich, you may find as many Terms as yon 
pleafe, by corifldering the Law of the Ptogrcf^ 
fion of !ii« Terms already found. Thus, 

tbe, fcur firft Ternis beip^ ^ «^ -f ^ 



rrr:^ -^ 7-t-> t^e Law of the Contill^atioB 



a'^ a^ 

of the ^ piviiSon, or of the Scries, is plain j 
for the Quotient confifts of an infinite Scries of 

fractional Terms, wljofe Numerators arc the 
Powers of ,x: (the Indices of which arc 1 left 
than the Numbers of the Terms in which 
t:iey refpedively ftand,) multiplied by b j and 



iJderkiWE'fl 




tjti 




W 



whofe Denominators are the Powers of a, 
the Indices of '5i^Kidh a^ J bdbt^ than thofe 
of the oon-efpending Numerators j the con^- 
t^i^ie signs -f^ an* ^^ being ilterndfijlj^ 
changed : Thercfi)rc the fifth te^ will be 



+ 



6x* 



and the fixth Term 



ixi 



i And, 



if an infinite Series, or Numfeer of Terms, 
be fo taken, it will be the t]^a£t. Quotient 
of the Divifion, and (ibnffiqfibitly exadly 
equal to the given fntdioKial Expreflion: 
But (generally) a few of the firft Terms 
of the Series, at% oetf enough the Trutb 
for any Purpofe, 



t •■ ' 



¥• 



V I 



^(Wr B* w-Jfl!* 
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Op e RAf t o m. 



aJ^xJ h . . . . ( tJ^^AjUL^^jLj^c. 



^jg a tf» • tf J «♦ 




bx 
a 
hx^ ix* 

o + rfL 



«.* 






bx^ 

bx^ Ac* 

Or^ if we put* before a, in the Denomi- 
nator of the above fraaional Expreffion, I e^ 
if the Divifor be placed thus, x-J^, infiead 
or^^i then, the Quotient, or Series, will 
\^.b ba , ba* , ba^ 
^ 7?--F+i;r-^^+^^- Whence 

the 
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the Law of the ContinuatkMi of the Series 
may be obferved as before. 

92. Noie,^ THfiRE will always be 

as many Quotients, or infinite Series, as « 

there are Terms in the Denominator, or Di* 

viibr } though only one of them true : and 

to find this, you muft always place the 

greateft Terms in the Divifor and Dividend 

firft y i. ei if m the above Example, for In* 

fiance, a be greater than x, then a muft be 

b 
the firft Term in the DiviTor, and _ .^ 

a 
t^^jL^tt^&c. wiU be Ac true ISc- 

lies : But> if x be greater than a; then x_ * 
muft be the firft Term in the Divifor, and 

i ^4 >*__^ . ^^^ ^21 be the true 



f*"-^ 



Sedess the other, then, being a diverging one; 
iihd confequentfy, the fitrther you go in the 
Seriet, the futher it will be foxn the 

Truth. 

Example II. 

f 

OS. Let it he wmptired h ti*^ 



) r 



► 



Unto an infinite Serifs i fufpofiag a^ to be 

jp-eater than zax «r x\ 

Opera- 



ti» wfolJrtRODiyCTiaN* i& 



Operation;* 



o 

+ 

+ 



h 

4 

I 



I 



I 






O 

+ 




+ 4. 



I T 

10 10 



ik 






t 



>» 



I 

+ 




? 



Now, ^om tbew four Terms, it is eafy 
to Ike, that the JUAir «f Gonlmii|ilbA ia ftd^ 
^af die Numerators, are the. Powers of x, 
whoTe EKponentfr are 1 left (Hati theKofitt- 
bers of the Terms to whkfi thejf^ rdpe^e^ 

beloag» 
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Wong, multiplied by the faid Numbers } 
zfid Xh^ DcDomiaators, the Powers of 4^ 
whoTe [j^xponeots are the fame with thofe of 
the corrcfponding Numerators; the Signs 
being changed ahemately: So that the fifth 

Term is+ i^, the fixth Term is -- ^ 
ftndfoon. 

PR O B- D- 

Xo reduce a compound Surd Quantity into an 
infihite Series ; i. e. tofreeacm^ndBx^ 
pr0onfrom Surdsy by th-omn^ it into ^^ 
infnite Series. 

Example h 

P4V L et it be required to tbr^w ^S^^^ /. c^ 

^+x*1f, ^^^^ ^^ infinite Series. 

• • • . . 

Note. I N order to have a true Series^ 
thf. greateftTerm muft b« placed firft, as in 
PnJ. I. Therefore, fiippofing a* to be 
greater than x*. 

Take the Square Root of <?% which U tf, 
for thc>^ Termof the Root or Series (See 
ihe Operation b^lffmO th«;n, this fqqared and 

fubtraacd from «* + «!, leaves 4- **i *"** 

thir 



£ 
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this Remainder divided (as in the (iommon 
Extraction of the Square Root,) by the dou- 
ble of the firft Term> viz, by 2a, gives + 

— for thc/ecdnd Term of the Root ; which, 
za 

together with the double of the firft Term, 

being moltiplied by — tHe faid fecond Term, 

2a 

gives X* + — : ^ and tlius fubtraded frotp x^ 

X^ 

leaves -~- — » which divided by the double 
of the two firft Term$ in the Root, viz. by 

X* x^ 

za + — , gives— — — for the third Term 
a oa'^ 

of the Root; which/together widi the double 

X* 

tfthe two firft Terms, viz. za ^ , be<» 

a 

i^^ multiplied 1?y — — - the faid third 

Lmm ' • X^ X^ X^ « « t 

Term, tovcs s— + — ^r, and this 

fubtraded m>m leaves -5 — — 

■ , , which dmded by the double of th« 
three firft Terms of. the Root already fbudd. 
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viz. by 2a + 



gives -f- 



X" 



for 



a 4^5 ' ^ V i6a^ 
the Jourth Term in the Root. And, after 
the fame Manner, may be found any Num- 
ber of Terms • in the Root : and, when 
the Law of the Progreflion, or continuation 
of the Seiies, is difcovered, the Terms may 
be continued on at Pleafure. 



O P E R AT ION. 



^1 K 



t 



+ 



ex 



rj 



t'** 



00 



1a 



Id 



-I* ;^ 



k 

■► 



o 



+ 



;> 

u 







1 
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Example II. 



I • 



9 J. Lit it be rehired to tbr<m x— **p tnt» 

tin infinite Siries, 



10 
H 

4 

00) M 



I 






ear 






O 

I 



ri*- 



I 

^1- 



T 



oeil^ opl ►!« 

t ■' 

*^\ M Chi I 

1^- 










I 

I* 



+ 



OCI ^ 



OS 

f4^ 



X 

vn 






I 



o\ 



Chi 






I 









{ 



10 U-m 

OCI 
H 

JSo 
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So that xi-x*;* is = X* — ^*^^— |-*r^ 

A K Dr after the fanoe Manner, may znf 
fuch common furd Quantity be reduced into 
an infinite Series : But, with much greater 
EaTe and Expedition, 

06. All Sorts of fraaional and (iwd 
Qgintitie* may be reduced into infinite Se- 
ricss, by a moft curious and excellent Theo- 
rem, invented for that purpofe by the Great 
and lUuftrious Sir Ifaac Newtoa, called his 

Universal Theoremj 




'vhich is this, vfz. 

f«^^» TVi^^nlfEO ^&c. Wherein. 

4« S" 

it muft be obfervcd, that, P+PQ reprefents 

the Quantity, whofe Root, Pimcnf^n, or 
Root of the Dimenfion, is required to be 
thrown into an infinite Series ; P the firft 
Term of that Quantity, which muft be the 
greateft j Qjhe reft of the Terms divided 

U 2 by 
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ky the iirft j .; — . the numerical Inde:ii^ of 

/ 

the Dimenfion or Power of P -[- PQ>, whe- 
ther that Power be Affirmative or Negative, 
Integral or FraiStional ; and A,B>C,D,E, &c. 
the Terms in the Series or Quotient already 

found 5 i. e. A5=P?, B =^Aa C=: 



Ba D=r=f:'ca E 




2n 3« 4« 

or, A == the firft Term, B = the fecond 
Term, C= the third Term, D=: the fourth 

Term, E = the fifth Term, Gfr. The 

following Examples, will explain, aiid fticw 
the great IJfe of this noble Theorem* 

Example L 

97. Let it be required to throw tf*-}-xMt into 
ajf infinite Series j a^ being fuppofed greater 
than AT*. ' 

V* 

Here, P=tf», Q== — , «« =s: i, «=2, 

a* 

» ^ 2tf 2« 



B Q = — — , T>=: w tZ CQ: 



8tf3 2« i6tf5 



> 
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£ 




5x« 



•■■MaBMa^qpi 



4« 



,« 




X 

2^ 



128^7 



i &c. therefore 

.6 



X' 






5^ ©/. 



128^ 
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98. Let it he requiredjo pa x-r^j^ into an 

infinite Series. 



Here, V—XyXi: 



X' 



AT, 



X 



m 



xi, C 



I, « =: 2, A = ATi, B 



■X 



16 



— *i 

2 






therefore *— x*J* = x* 

16 



Example III. 
00. i>^ /V he required to put - — r — into m 

c ^^ Of "-p X ' 

infinite Series j x being lefs than a. 

b 



T 
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18 






i X -4- = * X 4+*t 5 and 

X 



1,8= 



X 

1^ 



,C 



X' 

7j 



xt 



, E 



a> 



, 6fr. therefore 3 X 7+7^ 



—I 



xr: 



&r. that »» 









^*' +i^, e?.. 



J0MWB* 



Example IV. 
xoo. X^/ 1/ ^^ required to put 's=sam=::^Jnto ah 

infinite Seriet*^ where a is Jufpofed greater 
than Xk 



B»s^ is s= tf • X hF5\ } and 




B 



/v 



2^ ;y =3 I9 A 



4|3 4^4. 






£JL, &c. therefore ^ xTXlfT = rf* x : 

J_ — 2f + H* - if^ + if^. ^ 




A 




Example V. 
io.i« £dt it be tmwrei "f^ , •. :L «• 

*% iiU» imi^aitt Striju^ 

»s=:2} and A sssVT^rsri. , B = — 

a 

jL X JL X — iSlssil- Cssi— J-x ~x 

= — Yl* ^^* Aerefore «*->«*j ig 

tf ^ 2tf J * 8tf« '484' 



102. B¥T, 



1 
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.102. B u T, we-may often find the Series 
anfwering to a propofed Quantity, by the 

following Univerfal ^eorem^ viz* P+PQu 

=P^x : I + — Q -I — X iQ*+ — X 

n - n 2» « 

m — n m'—'2nr\. . tn „ m — n , m — zn. 



'Q3+ H. X 



zn 3« » 2« . 3« 

lliZVL (^ + &c. (which indeed is the fame 

Ajtt 

as the foregoing, though differently expref- 
ied^) With QjiX more Ede and Eicpedition $ 
for herein, no^ previous Dedudtion is requir- 
ed I and both the Numerators and^enomi- 

nators of the Fradlions^, ^T^ >r 
-^, — Zl£^, Gffr-arc Series of Numbers 



m- 



in Arithmetical 'Progrcflion, which have the 
fame, common; Difference n. This^ will ap- 
pear by the following Examples, r- But 
iVt?/^, ,The former Theorem is, in general; 
befl adapted to fhew the Law of the Series. 

Example L 

103. Let J^IIJ?]* be required to te put into an 

irifinite Series. 

Hejsb 
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He re Prssx-, 0== — — = •*- x^ m=i r ,, 

X 

«s=2 5 therefore ;?— ;tf*U=;;* x ; I — ^ — ^+ 

2 



IX 



^'-^ ■^^-^^-3 v3-^ 1X-IX-3X-75 



2X4. 2X4X6 2X4X6)^8 

XX* — Gfr* i. e. = ;c4 X : I — — x — 

2 



2*4 2<4.6. 2.4.().b 

a 2*4 2.4*6 2i4.6«8 

Example it, 

I04. I^et tf + x\ ^ ^^ required to be pHt tntd 
an infinite Series 5 fuppofmg a to be rhofi 
than A. 

Here Pi±=tf, Q=5 ~j m=i§, nttz ^i 

.a 

therefore 7+Ti* = tf J x : i+-4- >^ ~+~K 

' 3 ^ S*^ 

^* , C.2. 1 X^ , C.2.— -I.— 4^ ^4. 

.+2 ^x j-^2 -^x — ^ 



a* ' 3A9 *^ 3^6.9. i2 18* 

fif^. he, =1= tfT-j-2 ^2 -^ ^ I > 4 ■ 

3 4i6itfi 3.6.9.^ * 
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Example III. 

105. Let — J — , i. c. ix J+1?) —' , ie re^ 

quire J to be put into an infinite Series ; fup^ 
pofing a to be greater than x. 

Here P=^, 0= iL, w=:=i, »s=— ij 

a 

and therefore — , — x • , — - x 

n n 2n n 

» 

m — n m — zn m m — n '. m — zn 

■■ ■ ^ ' " " ■ y — — . J\ I X —————1 X 

2« yt n zn 2^ 

? ^^^ Gf r. will be — I and -|- 1 alternatc- 
ly ; and confequtritly b x J+^— ' is ==: 
^ X ir-^ X : 1 — — 4- — — — 4- — — 

Gfr. i.e. _i-=:A - ^+^* - ^+ 

Example IV. 



106. . L^tj — x]i be required to be put into an 

infinite Series. 

Here 



^ I 



I 

* 
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Here |*=i, Q= — x, »» =:= i, » = 4 j 

therefore i-^^ = i— JLx + ^^^^* — • 

4 4-8 

iCZirZ? ^1+^-— 3'— 7'-^^^,x^_ e?r. that 
4.8.12 ' 4.8.12.16 

is, =i~±x— J-.;c* H—x^ — 

4 4.8 4.8.12 

3.7.1 1 , « 
4.8.12.16 



C H A P. II. 

Of finding the Fluent of a given Fluxion. 

1 07; ^H E Bufinefs of the BireSl Method 
of Fluxions^ being to find the Flux^ 
ion of a given Fluent^ or, the Velocity with 
which a variable S^uantity , flows at any Point 
or Term afligned : So, the Bufinefs of the 
Inverfe Method of Fluxions^ is to determine 
the variable ^antity^ or Fluent^ from that 
Velocity or Fluxion being given. And this, 
in general, may be done by the following. 
Rules ; thefe being derived from thofe deli- 
vcreji in Part i. Chap. 2, 

X 2 • Ruie 



t 
f 
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f 

/ 

% 

Rule I. 

* • - • - . 

io8. Tojindthe Fluent of a Simple Fluxion j . 
pry of that therein there is no variably 
^antityy and but one Fluxional Letter. 

Substitute the variable or flowing Let- 
ter for its Fluxion ; and you will have th^ 
Fluent required. 

Thus, the f'lueja of a^ is cssjAf/ 

Rule II. 

109. T'o find the Fluent of a fiUxional Expref^ 
lion which confifls of the Produ&s of two or 
more variable (or variable and invariable) 
Quantities drawn into their Fluxions ; /, e. 
which confijlf of the f'lujcion of each ^an- 
tity^ multiplied into the other or Produ^ (f. 
the reji of the ^antities : ^s XJK-f ^> ^^ 
xyz-^-xyzJ^xyZy or axy-^-axy* 

Multiply the variable and (if any) in- 
variable Quantities together ; and the Pro- 
duft is the Fluent fought. 

Thus, the Fluent of xy-{^xy is == Ary 5 and 
the Fluent of xyZ'\'Xyz-{'Xyz is =i= xyz : So 
likewile, the Fluent of axy-^a^y is =t= axy, 
and the Fluent of axyz-^t^^xy^^tixyz is== 

akyz. 

Rule 
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Rule III. 

1 10. ToJtndtbeVXxxexAof aJIuxionalExpref^ 
Bon nvbicb ctmfifts of the Fluxion of a va^ 
riable Sluantity drawn into any Power of 
that ^antity contained any Number of 
\Iimes 5 as 2x^x. 

Strike out the fluxional Letter j add t^ 
to the Judex of the Power of the varM):je 
Quantity ; and divide the Coefficient by the 
Index thus increafed : and then you will 
have the Fluent fought 

Thus, the Fluent of 2x^x is = — x' ; the 

3 

Fluent of — * -^f 1. e. of — x—*x^ is =: 

X* 

*-sf X— *+* divided by -»- 2 -j- 1> 'hat is/ =3:; 
-, or AT— V or — • And, Univerfally, 



— 1 X 

the Fluent of mx^—Jx is = x«j the Fluent 

of ^ a;^— >;c is = ;c7; and the jPA^»/ of 
n 

*• . . an ^*4^ 

jii. Or, from Examples given in the con- 
verfe of this Rule, (Article 16.) it appears, 
ihzt^ in fluxional Expreflions^ like 'x+^^*x 
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%x-\-iixx^ where the fluxionary Part is in 
any invariable Ratio to the Fluxion of the 
Quantity un<Jer the Vinculum i the Fluents 
of fuch Expreflions m^ be found in » diflfc, * 
fcnt Manner y viz. by multiplying the whole 
' Expreflion by the Root or Qgmtity under 
the Vinculum, and dividing the Produ€t by 
the Fluxion of the faid Root drawn into the 
Indesp. of die Power added to r. 
• Thus , the F lu ent of yf3 ?)* x^x-^txx is=: 

, *-H:»y X 3x4-6;fx x Ic^ -r— -, ^ 

= ^+**1? i wd the Ka^»^ of 




;ifX.— 3+1 

R U L E IV, 

I J2. To find the FXy^tit of a Jluxional Ex- 
frejjion-confifting of different fluxionaryrerm 
conneSied together by the Signs J^and--^.. 

* * 4 

Find 



<W5J^L 
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Find the feparate Fluents of the different 
Terms by the preceding Rules y which con- 
nefted together by the Signs of their refpec- 
tive Fluxions^ will be the Fluent of the Ex- 
predion required. 

Thus^ the Fluent of ax-^iyy — zl$ =r 
ax-^y* — z*^ the Fluent of ;c: — ay-^xy-^xy 
16 =: X — ay-^xy ; and the Fluent of 2^wcx-|* 

X -?^ • ^y^'^r/ is = ax*4-x — — • 



R U L E V. 

113^ ^0 find the Fluent oj a compotmdedr 



fiuximal ExpreJRon tike x^ or x — x^\ixi 

a-^x ' 

Throw the Expreflion into an infinite 
Series, as taught in the laft Chapter; and 
find the Fluent of the Series by the foregoing 
Rules: and it will be the Fluent fought 

Thus, to find the Fluent of — t—x ; I 

a-f-x 

throw it into a Series; which (uirticlegg.) 

. ^ . bx . bx* . bx^ . bx^ . g,^ 

is = — X — —X + —-X -X A — T^S^C. 

and theii find the Fluent of this Series j 

bx 
which {Sec Art. no and 112.) is= — — 

bx"^ 



\f 
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I — - — \ , ere* and this is thef 

Fluent of ^x required* — And to find 

Ac Fluent of x—x^i x j the Expreflion muflt 
be thrown into a Series, which (Article 98.) 



2 8 16^'''' 



©c. and the Fluent of this Series ^^rr. no 

and 112.) is == — 0^ oA — ^JL^cJ— ^ 

.3 5 28 



i— xl, &c. which is the Fluent of x*— x^V;? 

required* 

114. But, it is not always Neceflary ta 

throw an Expreflion like — i^, or 



(Sfr. into an infinite Series in order to find 
the Fluent y fince it may often be obtained 
otherwife by means of Hyperbolic Logarithms. 
For, (Art. 17.) the Fluxion of the Hyper- 
bolic Logarithm of any Quantity, being equal 
to the Fluxion of that Quantity divided by 
the Quantity itfelf ; therefore, the Fluent of 

b X is = ^ X Hyperbolic Logarithm of 

5+x y the Fluxion of aJ^x^ divided by a-^x^ 

bein^ 



\ 
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' • . 



being ~' ^ And thus, the Fluent . of 
^ '^ is 3= the Hyperbolic Logarithm of 

XJ^ a»+x»)i } for the Fluxion of XJ^^F^^ 
being divided by x + ^H^.*, gives 



^ - So likcwife, the Fluent o£ — 




^* X^ 



a + x 

• 

' 9 



is = the Hyperbolic Logarithm of 

for the Flvrxion of ill, divided by ''^^ 

isrrr-^. • And, the Fi«/^«^ of . 



J * j ^* 2/aiJC+^'^l* 




is = the Hyp. Log. of tf+^+2tf^+^5r 
(See Article 17.) Alfo, the Fluent of 

^ ff is = the Hyperbolic Logarithm of 

^^ . for, if by ^=£±£l!we divide 
its Fluxion, the Quotient will become =c 



XX^Pii' 



SCHO- 
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SCHOLIUM. 

115. Though the Fluxion of any Fluent^ 
how much foever compounded it be with 
invariable Quantities , may be accurately 
found ; yet, the Fluents of fuch compounded 
fluxional Expreflions cannot always be had in 
finite Terms. — And, though no Fluent can 
have more than one Fluxion ; yet z Fluxion way 
have an infinite Number of Fluents : Thus^ 
for Example, the Fluent of x may be ei- 
ther X, or ^ + ^ ; wherein a represents any 

invariable Quantity whatfoever : And, to find 
a J when it muft be added to, or taken from, 
the l^luent x, is called correSling the Fluent. 
Now, to e£FeA this, in any fluxional E^-- 
tion 5 after having obtained the Fluent of 
each Side, by the foregoing Rules i make 
the variable Letter in either of them Vanifh 
or equal to Nothing ; and fubftitute for the 
variable Letter in the other, fuch a determi- 
nate or invariable Value as it is then known 
to have: or, for the variable Quantities, 
write fuch invariable or fixt Values as they arc 
rcfpedlivcly known to have at any particular 
Point or Term. Then, if we fubtradk the 
Sides of this new Equation from the corrc- 
fponding Fluents before found $ thefe remain^ 

ing 
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ing Fluents, will ht contemporary, or always 
equal to each other ; and confequently, we 
fhall then have the correSi Fluent fought de- 
termined. This Affair^ may, perhaps, be 
better underAood by giving the &)Uowin]g; 
Examples. 

Example i. 
^ofind the Fluent of yz=:2xx. 

The Fluent of this (hy Article no.) is 
y=ix\ Now, when j^=:o,. if x=:o 5 then, 
^— o=:x*— o, or y7=:x* ; and therefore, the 
Fluent firft found, needs no Correction. 

Example 2. 
To find the Fluent of ax — 2xx r= %yy 

The Fluent of this (Article no.) is 
ax — x^zrzy*. Now, to know whether this 
Fluent needs Corredlion ; when x == o, if / 
be likewife = o ; then, it is evident, both 
Sides of the fluential Equation entirely vani(h; 
and therefore, it needs no Corrcftion. Or, 
when ^ = o, if a? be = tf 5 then, fubftitut- 
ing o for y, and a for x, the Equation will 
become <2* -«— ^^mo 3 and therefore,* neither 
on this fuppofition does the Fluent need Cor- 
reftion. 

y z Exam^ 



I 
\ 
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Example j* 
to find the Fluent of j-=3^x. 

> The Fluent of this ^^//Vi5? no.) is _y = 
-^ X'. Now, if J? be = tf when y is = o ; 
then, by writing in this Fluent, o for jr, 

and a for x^ it will be o= ^3 . therefore 

3 

— x^ is always — ^3 more than y ; and con- 
3 3 

fequently, the Fluent corrected isy =z—x^ 

3 
. I 



3 



Example 4, 



To find the Fluent of y r=: ^^ a^x-^x 2x. 

ft 

The Fluent of this (jlrticle { 10.) is ^s= 
^ =:=^? + ^» =: I ^ . Now, 

when yz=Oy if Jif=:0 3 this Fluent will then 

* becom« o = — ; and therefore, y is always 

a"- 

lefs 
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lefs than .>' by -r * So that, the con- 



tempoirary Fluents will be y 



^+xl* <* 



Example 5. 
To finithe Fluent 0/ zz=ia*x — - . , 




The ^/kj«o« of the hyp. Log. of x-fa'-\rA ^ 
is = - " ^. ('-^Z. 17. or 114.) therefore, 

the Fluent of z 

hyp. Log. of AT+tf^+FjT. Now, when 

« = o, if X be likcwifc = o, this Fluent will 
then become o = a* x hyp; Log. of tf j which 
fubtraded from the faid Fluent, makes the 
corred: Fluent, or true Value of 2 = tf* x hyp. 

Log. of x+tfH^^ — <»' X hyp- Log- ^^ ^ 
(which by the Nature of Logarithms is) =± 

. tf* X hyp. Log. of ■ 7 -—^ • 



Exam^ 
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Example 6, 
^ofnd the corrcft Fluent ofax^^xx=yy^ 

The Fluent of this {Art. no.) is ax^^ 
4^x*==rrjf*. Now, ifx=:rwhen^=:i5 then, 
fubftituting c for x and d for y^ the Equation 
will be ac ^^ih^zsz i d^ ; and thefefore, by 
fubtradting the correiponding Sides of this £• 
quation from the above, we have the cor- 
rc<a or contemporary Fluents ax — iix' 



CHAP- 



• \ 
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CHAP. in. 

Of fining the Length of a Curve Line, 





B 


J- 

• 


*Y 


/ 


• 



Cc 



Fig. 2. 




1x6 TN Curves referred to an Axis, {Fig. i.) 
let ^r be fuppofed indefinitely near 
and parallel to the Ordinate B C, and Bn 
equal and parallel . to C^ the Increopient of 
the Abfcifs AC. And, in Curves referred to 
8 fixt or central Point, {Fig. 2.) let M be 

fup« 
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fuppofed indefinitely near to BA, and the in- 
definitely little. drculj«: ArchB;i be defcribed 
with the Ordinate or Radius AB. Put AC 
{Fig. I.) =zx, CB%, Curve AB==:5r;B;7=:;c; 
nb=zy\ and Bbzszz i then, (the Increment 
Bb being confidered is a little right Line,) 



by 47 E. I. Bb == B^* + ^*)^, i. e. z' =z 

^^^^, or {Art. 6.) z=^^J^i. Put the 
Ordinate AB {Fig. 2.) ==y. Curve ADB=2; ; 
linz=Xy nbz::=y\ and Bb=zz^ : then, (becaufe 
Bb may be confidered as an indefinitely finall 
right Line, and B« as a little right Line per- 
pendicular to A^,) as before, z::n x'^ -|- y^^^ 

ov z=: 5^*-f^f: And this is a general Expref- 
fion for the Fluxion of the Length of any 
Curve-Line wiiatfoever *. 'Now,, by Help 
of the Equation or Properties of the given 
Curve whofe Length is required, we may 
find the Value of x"- in Terms of j/% or of^* 
in Terms o( x^ ^ and then, by Subftitution, 
x^ or^* in this general Expreffibni will be 
exterminated : and, by finding the Fluent oi 
the refulting Equation, we (halLhave the 
Vahie ef Zy or the Length of the Gurve-Linc 
required. 

■ - • Exam- 



* The fame ExprefEon may be derived without the 
Help of Incremmts^ from Art, 37. and 53. 
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Example I. 

117. . To find the Length of the Curve GBrsarj 
•wbofe Equation (putting the given Line 
AG=4<7, A C = ;?, and C B =r:;r, ) i< 
2 X tf*-|-x*l* = ^a*y. 




T he Fbix iori of this Equation (^f. 1 6;) 
is 3 X tf*4-**l*,x 2 X *=3 tf*;^ } therefore, 

2Arx ., -7-; — :^, 2XX 



3tf* -^ ~ ^ tf» 



Xtf'+Jf*)^, 



and^' 



zpf'x'* 



4a»x*x'*+4x*x* 



which fubftituted for j'*, makes z = ^*-|^*^ 



(-4r/i 116.) 



tf»y*-f4tfV;^*+4y»x 



^ 



tf+ 



— \ ■ = the FJuxton of dte Curve GB i 

Z whdf* 



J70 jinlNr^.Qt)VCTl(Xktotbe 
whoie Fluent {Art. no.) is 2? == \'^ ■ : 



2a:3 






the Length pf the Curye GB r&* 



Example IL 



11 8. Jo find the Length of the common 

Cycloid *. 




A C E 



Put EA or EF, the Radius of the 
rating Circk, ^^a^ Abfrifs AC=y, Ordi- 
nate CBss=y, CG3=^/ andAr-ch ABss;^; 

then 



• S<ic the Generation of this Curve, ArU 48. N^u* 
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then (as may be found in-^/. 48.) j^ = 

2a — X ^* 



x^ and thertfarfe Jy* = ^ ; ^' Jc* ; 



which fubftitutcd for j/% ^ makes the general 
£xpreflion for the Fluxion of the Curve 



za- 



{Art. I i6.) %^F^ = x*+~r^^* 

_ ^ 

by the Property of Circles ^* := ACxCF, 

Or\S*z=z2aX AT* J « = X . I ::=; 

2ax — X* I 
— _ =: 2a\i X AT-i X ; and the Fluent of this 

(by Art. 1 10,) is 2r=:2»}f x 2x^ = 2X2ax\i . 

^=5 twice the Chord AG : (for, the Triangles 
FAG and GAC being fimilar, FA : AG : : 

GA : AC, or FAxAcl^ = AG, i. e. taxl^ 

:=AG.) Whence, (by writing 2a for Xy) 
the Length of the Semi-Cycloid AD, ap. 
pears to be equal to twice the Diameter AF 
of its generating Semi-circle. 



Z 2 E3CAM- 
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Example HI. 

1 19. T[ofind the Length of the cMmum 

Parabola. 




Put the Parameter = /j, Abfcifs ACrsx-, 
Ordinate CB = y, and Curve ABcnz ; then 

^^?. 4 1 J ^ = -^ , and therefore x* == 
j2LZ-. which fubftituted for x^. makes ij r= 



x*-j^* (the general Expreffion for the 
Fluxion of the Length of theCurve, Art^ 1 1 6.) 

«= 51!^"==: i ^ ?+i^^ i which ' 

if 2y* 

thrown into an infinite Series, is -x : tf + "~ 

a a 
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+ ^ — ^^- And the Fluent of 



this Series (jirt. no.) is a = y + 3>L'_^ 

+-^— ©"f. = the Length of the Curve 
AB required. 

y\r:x 



Or tbusj. the above i z==<- x a^J^/^yA i Is 
<»<tf'-|-4^»]s tfXtfy+^* <»<«y+4;^4Ji 

<7xa+4yn» tf 
I Trrr. -^ Now (by -^r/. iii.) the 

Fluent of the firft of thcfe two Terms is 
-= JLx ay*-\rAy*)^:=z 2. x Ta^+p\ '^ j and 

the F/«^«/ of the kft of the faid two Terms 
(by -^/. 114.) is = J: tf X hyp. Log. of 



y + 4^*+X)^.5 therefore s; = ^Lx i^*+^*]i 

+ i /? X hyp. L9g. of ;» + Ttf*H-/)' : But, 

£nce 
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fince when z and y vanlfh or becotfie == o, 
(as at the Vertex A,) this Fluent becomes = 
iYix hyp. Log. of i ^ 5 therefore the faid 
Muenf being correded j^^r>. i i 5. Eat. 5.) 
makes the true Value of z or the Length of 

the Curve- AB = ^ x ttf^+^^^l^+'t^^xhyp. 



]Lpg, of ^;-|- i^HT)* — i la X hyp. Log. of 
ia=z L X ia'-^y^^ + 4 ^ X hyp. Log. of 



4dti£Ej, by the Nature ofLogariifetas. 



Example JV. 



i2o. To Jind the 
Grcle y and ofiti 




-cf wfy jirtb 'of, a 
CifT^mference^ 



I ' 




Put the Radius OA=tf, Abfcifs AC=x, Or^ 
dinatp CB=y, Arch AB;?« :.then {.drt. 40.) 



« y 



Ppcte^njet ^FLUXION^ i7i 



y^y 



^frrrX 



L.= (becaufe «•— x = CO 



QB)*-^.Sclf==7:^i ,) ^^ i Aere.. 



fore x' = ^ ^ > J which fubftkuted fot ;£% 

iml?es «=; «M5^ (the general Expreffion, 
fcr the Flu^m. of the Length of U;ie O^^ 

At. 1.6.) = ^.+if=^i?=i 



•^i 



^yx ^*— -^ ] *j y^hich thrown into an in- 
fimte Series, i$2=^: ± + ^3 +g + 

48tf7 ' 384^9 ' 3840/?" ~ 46o8od'3 » 

^sy^y I io5.y-i ■. 945/!y . JQ395.y"j^ . 

48^* "^ 384A* "• 3840tf»» 46o8o<2" • 

. '3^^3y'^^ 4. ^^. And the Fluent of this 
045i20tfH * 

Scries, (^^ 1 10. ) is « s=: ^^ + j^ + 



1 
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40tf+'^ 336tf« ~ 3456^* 4224o<i'*' 
J239i!l+ i3IIliZ!L+ (^^. = the 

599040^**9676800^'* 

Length of the Arch AB. 

Now, if we fuppofe the Radius OA — :a 
ssri, and the z.AOBz=3o'*. Then (becaufe 
the Sine of any Arch is equal to half the 
Chord of twice that Airch, and the Chord 
of 6o^. is equal to the Radius,) the Sine, 
or Ordinate CB==y, will be = 4 ; and there- 
fore, the Terms of the above Fluent rc- 
dUCjed into Decimal Fradions, and placed 
tinder one another, will ftand thus ; viz. 



•500000000 &C. 
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Example V. 

12 J • To find the Length of any Arch of 

ArchimedesV Spiral^. 




Put CA the Radius of the generatipg 
Circle = b^ and the Circumference of it 
t=za: alfo, put the Ordinate CB=jr, and 
the Length of the required Arch CDB == z ; 
and a circular Arch, whofe kadius is CB, 
zzzx. Then, (as was found in Art. 54.) 



.»*-»-•.» 



X = -^ ; and therefore x^ ssr -4r-- > which 

fubftituted for x*^ makes the general Ex- 
preffion for the Fluxion of the Curve, viz: 

Z=l 



* See how this Curve is generated, Art. 54. Nott. 
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^» X'»y+^'— ^xj^^y^i ^*Xtf>++i+/Y 

Now, the Fbieat of the firft of thefe two 
Terms is found by Jrt. iii. = -^ x . 

* 

.^y-^j-^yjir. and the F/«^«/ of the fecond is 
found by ^i- 114. = — X hyp. Log. of 

T 

ay-^-ay-^-d^] : therefore z=^x 
^5*T^y*l^ -f X hyp. Log. of 



ayJ^a^y^-^-A^Y^ : but when z and y are = o, 

this Equation becomes o = — x hyp. Log. 

■ ^^d ■ ■ 

of ^* 5 and therefore, the Fluent corre<3:ed, 

A a 2 {j^f. 



l8o Jn INTRODUCTION to the 
{Arf. 1 1 5.) makes the trae Vahie of zzs 

^ X tfy+^/)*4-ilx hyp. Log. of 

^5+^>H^ X hyp. Log. of ^* = (by 

the Nature of Logarithms; the Difference of 
fhe Logtrithtns of any two Numbers being 
equal to the Logarithm of their Quotient 1) 

«^x:?5qF^ +— ^ hyp- Lofr o^ 

^fy^f-y^)^ -= the Length of the Ardi 

CDB required : And therefo-e, by fubititut- 
ing the Radius b for the Ordinate y^ we fliaU 
have the Length of the whole Spiral CDBA 

s=ix<?*-f-^»)«+— X hyp. Log. of 



ia 






CHAP. 
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CHAP. IV. 

Of finding the Ar^as of Ckroe^Iined Spaces. 





122. vN Curves whofe Ordinatcs arc re- 
-*• ferred to an Axis, {Fig. i.) let be 
be conceived indefinitely near and parallel to 
the' perpendicular Ordinate BC, and Bn equal 
and parallel to Cc the Increment of the 
Abfcifs AC: Then, becaufe bn bears no 
aifignable Ratio to BC, be may be taken as 
equal to BC or nc j and the Trapezium BC^^ 

as 
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as ^equal tp the Parallelogram BCcn : Bul^ 
BCcb is the Moment qt Increment of the 
Curvilineal Space ABC; i.e. (if we put 
AC=^^ CBzisy, and Ct=sx\) the Moment 
or Increment of the Space ABC is=;^;c'; 
and therefore {Art. 6 .) the Fluxion of it is 
zxnyx. in like Manner, in Spirals^ or 
thofe Curves whole Ordinates are referred to 
a fixt or central Poini:, {Pi^. i.) let ^C be 
conceived indefinitely near to ithe Ordinate 
BC, and the little circular Arih B« (whofe 
Radius is CBj) be fuppofcd k little right 
Line jperpendicular to B C : then, bn having 
lefs than any ailignable Ratio to nC^ BCn 
may be confidered as equal to BC^ thq Mo^ 
ment or Increment of the Curvilineal Space 
BECB; i.e. (if we putCB=;f, and B« 
r=^',) the Moment or Increment of the Space 
CEBC is = \yx\ or its Vluxion (that is, the 
Velocity with which it flows) = \ yk. 

123. Or^ without ivAiodiXiQxn^ Increments 
or indefinitely fmall Quantities : Let the cur- 
vilineal Space AEI and Parallelogram AG^ 
{Fig* I.) be generated by the perpendicular 
and indefinite right Line AF, moving with a 
parallel Motion- along the Axis AE: Then, 
it is evident, the curvilineal Space will flow 
Jlower^ or with a lefs Degree of Velocity, 

than 
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than the Faratlelogram, i^e^r^ the faid gene-^ 
rating Line arrives at the Term CB3 and af^ 
Urmardsyjafltr^ or with a greater T>t^ttc 
of Velocity 5 and therefore, at the faid Ternr, 
they will flow with one and thtfame Degree 
of Velocity j that is, at the Term GB, the 
Fluxions of the curvilineal Space and Parallel 
lograin will he ejual: but, it is plain, tlic 
Fltfxion of the Parallelogram, at the Terra 
CB, is equal to PA or BC drawn 'into the 
Fluxion o( AC i th^for^ the F/«^/(?« of the 
curvilineal Space A€B, is equal to the Ordi- 
nate BC drawn into the Fluxion of the Abfcifs 
AC J that is, (putting AC=:a;, arid CBr==y,) 
. the Fluxion of the curvilineal Space ACB 
u=iyx . ■> In Pig^ 2. let the curvilineal 
Space CEDC be generated by the variable 
right Line CF turning round the Center Cj 
and, at the fame Time, let the Sedor CAGC 
be defcribed^ by the Radius CA : then, it is 
plaiq; Aefore the Line CF comes to be in the 
Situation CB, the Ipiral Space will in- 
cresifejlokoer^ or flow with a lefs Degree of 
Velocity, than the circular 8j)ace or Sedlor 
CAG; and afterwards^ f after ^ or with *a 
greater Degree of Velocity j and therefore, 
at the Term CB, they will increafe or flow 
. with an equal Degree of Velocity : But, it is 

evi- 



1 
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.evident, the -Velocity with which the Sedor 
enlai^es, is equal to half its Radius drawn 
into the Velocity with which its Arch is de«- 
fcribed j therefore, the Velocity with which 
the curvilineal Space CEBC is incfeafed, at 
the Term CB, is equal to 4 CB drawn into 
the Velocity of the Point A or B moving 
along the Arch AG at the Point B ; that is, 
the Fluxion of the faid curvilineial Space, is 
equal to t CB drawn into the Fluxion of the 
circular Arch ^B ; or (putting the Ordinate 
CBssy, and Arch AB=:x,) the Fluxion of 
the curvilineal Space CEBC is = i^x; as 
before. 

124. .Wherefore, when the Curve is 
referred to an Axis {Fig. 1 .) find the Value 
of jf in Terms of x, by Help of the Equation 
. of the given Curve, which multiply by x ; 
or, find the Value of x in Terms of j^, which 
multiply by y ; then, the Fluent of the re- 
fulting fluxional Exprefiion being found, will 
give the Area of the curvilineal Space ABC 
jrequired. And, when the Curve is referred 
to a fixt or central Point C, (Fig. 2.) find 
the Value of x in Terms of j?, from the Pro- 
perties of the given Curve; then multiply 
this Value of x by iy, and find the Fluent i 

and 



\ 
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and it will give the Area of the Space re- 
quired. 

£ X A M P L E I. 

125. ICo find the Area of the common parabolic 

Space ABC A. 




of which, {j4rt, 1 10.) is 

t 



>" 



Put AG=Ar, CB=y, and the Parameter 
= I . Then, by the Nature of the Curve, 
xzzzy*^ oxxi-rrzy^, ^cvtiovc yx {t\ic I* luxton 
of the Area, Art. 123.) = Arix; the Fluent 

::(byfub-. 

ftituting^foritsValueA:*,)^^ xy = the Area 
ABC required. So that the Area of every 
common Parabolical Space ABCA, is always 
equal to two-third-Parts of its circuo^fcribing 
Parallelogram ADBC, 

Or thus. The Fluxion of the above Equa- 
tign of the Curve, viz. of xz^zy'^^ is x==: 2yy 5 

B b virhich 
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which multiplied by y, makes the Fluxion of 
the Area ABC=zyx (Jrt. 123.) z= 2/j?; the 
Fluent of which {Art. no.) is = 4^5 = 
(by writing x for^%) Txy-, as before. 

Example II. 

126. T:'oJind the Area of the Space ABCG ; 
the Property of the Curve AB being fucb, 
that its Subtangent CT is invariable^ or 
always of the fame Value. (See Art. 78.) 




Put the given Subtangent CT =r= », 
GA=b, GC—x, and CQz=zy. Then, 

( Sec Art. 37. ) aT=^'y therefore x = 

' y 

^y 
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^3 which multiplied by v, makes the 

y 

Fluxion of the Space, ^i^iz. yx{Art. 123. )=uiy ; 
and the Fluent of this {Art. io%.)i%z=zayi 
but, when the Area of the Space is = o, or 
y:=.b^ this Expreflion for the Fluent becomes 
=r= ab ; and therefore, {Art. 1 1 5.) the Fluent 
correfted, is ay — abzzzHtii Area of the Space 
ABCG required. 

Example III. 

1 27. Tojind the Area of the Space CDBC j 
the Curve CDBA being the Spiral of 
Archimedes*. 




Put the Circumference of the generating 
Circle AIG A = tf, and its Radius CA=s:^ j 

B b 2 alfo, 

■■ ■ ' ' ' ■ I I, ■ 

* See the Generation of this Curve, Art. 54. Note. 
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alfo, put the Ordinate CB=^. Now, (as 
was found in jirt. 54.) x = -^ ; which 

therefore being muhiplied by t^, makes the 
Fluxion oi the Space, wz. -I^a: {jirt. 123.) = 

^ X 4^ y = -^ ; the Fluent of which, 

{Art. no.) iszzz-^ = the Area of the 

Space CDBC required : And therefore, by 
fubftituting 6 for y, we have the Area of the 
whole fpiral Space CDBAC z=:.^a6; which, 
becaufe the Area of a Circle is equal to its 
Periphery drawn into half the Radius, is=t 
of the Area of the generating Circle. 

Example IV. 

128. To find the Area of the Sf>ace CDBC j the 

Curve CDB being the Logarithmic Spiral. 
(See Art. ^^. and 83.) 




Put 
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Put the Ordinate CB==y, and the Length 
of the Curve CDB==«; and let two, 
given Quantities, a and b, be to each other 
in the Ratio oiy to z. Then, (as was found 

in Art. 55.) y = .. , ; therefore x = 

y/ b — a 

^^ ^ j\ which multiplied by 4;^, makes 
i yx (the general Expreffion for the Fluxion 



of the Area, Jrt, 1^3.) 



s/b'^a^ 



2a 



yjf', the 



F///^«^ of which {Art. no.) is = 
x;^*=:the Area of the Space CDBC required. 



4a 



f <"^" ' 



w^aatmm^J^ 



C H A P. 
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CHAP. V. 

Of finding the convex Superficies of Solids. 




129. TET the Solid AD G be conceived 
to be generated by an enlai^ing or 
variable Circle, (whofe increafing Radius is 
the variable Ordinate of the Curve AD,) 
moving with a parallel Motion along the 
Axis from A to E : then will the Velocity 
with which its convex Superficies flows, be 
equal to thp Periphery of the generating Circle 
drawn into the Velocity with which it moves 
along the Curve ADj that is, the Fluxion of 
the faid Superficies, at any Term FB, will 
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be equal to the Periphery of a Circle, whofe 
Radius is the Ordinate CB, drawn into the 

Fluxion of the Curve at the Point B. ^This 

follows from uirt. 122. by confidcring the 
convex Superficies as always equal to the 
Area of a plane curvilineal Fig. whofe Abfcifs 
is equal to the Curve AF, and Ordinate 
equal to the Circumference of the generating 
Circle BF, whofe Radius is CB, 

130. Hence, if we put the Abfcifs AC 
= AT, Ordinate CB==y, Curve ABzrrJ?, and 
^=2x3.14159 Gfr.=thc Circumference of a 
Circle whofe Radius is i ; then, becaufe ry= 
the Circumference of a Circle whofe Radius 
is the Ordinate CB, and {^Art. 116.) 2; = 

*'*-f>'*]' ; the general Expreflion for the 
Fluxion of the convex Superficies^of any Solid 

ABF will be ss eyzy ot cyx x*4^* 5 ^^' ^^ 
which, by Help of the Equation of the given 
Curve AB, x* or j>% &c. may be extcrmi'- 
nated j and then, the Fluent of the refultii^ 
Expreffion being found, will give the Area 

of the convex Superficies required : As in the 
following Examples. 



Exam- 
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Example I. 

1 3 1 . Tojind the Superficies of a Sphere ; or 
the convex Superficies of any Segment of it. 




Put Radius EA or EB=^, AC=:y, CB 
;=:;^, and ABzr=2r. Let B«=Cr exprcfs the 
very firft Moment of the Increafe of AC ; nb^ 
of CB; and B^, of AB; i.e. let B«=Ar', 
nbzrzyy and Bbz=zz' -, then, B^ being con- 
iidered as a little right Line coinciding with 
a Tangent to the Point B, the Triangles 
ECB and bh^ will be alike : (for z. CB« = 
AEB^=a right Angle ; therefore, z. EB« be- 
ing common, z. CBE m jL nBbi and, th6 
Angles at C and n being right, the Angles 
CEB and Bbn muft be likewife equal; 

ergo, 
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ergo, &c.) Wherefore, EB : BC : : ^B : B«, 



ax 



i.e. a\y\\z \ x \ V «'= — , or (-^/. 6.) 

dx 
zzsz —I which fubftituted for z, makes the 

y 

general Expreffion for the Fluxion of the 
convex Superficies, viz. cyz {Art. 130.) =; 

ax 
cyx — =: cax ; the Fluent of which is =s: 

y 

^tfAr=:the convex Superficies of the Segment 
ABF : And, if for x be fubftituted 2 j, we 
fliall have 2ca*^=z the Superficies of the whole 
Sphere. 

Corollaries. 

1 . The convex Superficies of any Seg- 
ment of a Shere, is equal to the Periphery 
of a great Circle of that Sphere multiplied 
into the Altitude of the Segment. 

2. The whole Surface or Superficies of 
;any Sphere, is equal to the Periphery of its 
greateft Circle multiplied into its Diameter. 



C c Exam- 



t % 

■ f 
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Example II. 

132. to find the convex Superficies of the 
right Cone ADG, tvhofe Altitude AE is 
given z=z a, and Bafe'diameter DG = b. 



G 




Put AC=rx, and CB==y. By Sim. a^, 
AE : E D : : AC : CB J i.e. a-.^b-.-.x-.y-. 



• • 



m X 



2ay 



^ J the Fluxion of which Equation 



IS X 



2ay 



*t'% 



• • /-» 



7 • 



X 



^^ which fubfti- 

tuted for x% makes the general Expreffion 
for the 'Fluxion of the convex Superficies, 
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viz. cyx x' +ff (Art.i'^o.) = cyx 



ent of which is = _x 4?+7^^/ z= ~- 



xoT+i^^ ~ (becaufe AD =r= AEj'+ ED] 
= tf*-fT^1^>) ^ X AD = the convex Su- 

periScies of the Cone ABF : And by writing 
+ 6 for yy we have ic^x DA ==- the convex 
Superficies of the Cone ADG. 

I 

COROLL ARY.' 

The convex Superficies of any right 
Cone,^ is equal to half the Circumference of 
its Bafe multiplied into its Ilant Height. 

Example III. 

133, To find the convex Superficies of the 

Parabolic Conoid ABF. 



C c 2 ^ Put 
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Put the Parameter of the Parabola = a^ 
AC=x, and C^^^y. Then, by the Na- 
ture of the Curve, axz==y* ; the F/uxion of 
which Equation is /jx=2jy; therefore, xz=s 

•^, and;f*= ^^j which fubftituted for 
a a 

X*, makes the general ExprefEon for the 
Fluxion of th^ convex Superficies, viz. cy x 

Kf^* (Art. 130.) = fy X ^ +/}^= 
— X 4;'*+^iV7' ; the Fluent of which. 



{Art. HI.) is 



12^ 



X 4y* + ^i* : But, at 



the Vertex A, where y vanifhes, or where 



yz=zo, 
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y=:0, this Expreffion becomes = — x a^ 

-s — J therefore, the Fluent correflrcd ( ^rt. 
12 ^ 

1 1 e.) is = — X 4p+P\^ — - — = the 
^' iza ^ ' * 12 

convex Superficies of the Solid ABF required. 

C H A P. VI. 

Of jinding the Contents of Solids. 



134.T ET be be conceived indefinitely near 
and parallel to the variable Ordi- 
nate BC ; and B» equal and parallel to C^ 
the 
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the Increment of the variable Abfcifs AC. 
Now, becaufe the little Parallelogram BC^« 
is expreilive of the Increment or Moment of 
the plane .Fig. ABC, i^Art. 122.) therefore, 
if the Solid ADG be conceived to be gene- 
rated by the Revolution of the curviliocal 
plane Fig. AED round the Axis AE, the in- 
definitely little Cylinder generated by the faid 
little Parallelogram will exprefs the Moment 
or Increment of the Solid at the Term BF j 
and, becaufe this Moment or Increment is 
equal to the Area of the Circle defcribed by 
the Ordinate CB drawn into the Increment 
of the Abfcifs A C, therefore {^Art. 6.) the 
Fluxion of the Solid, at the Term BF, is 
equal to the Area of a Qrcle, whofe Radius 
is the Ordinate CB, drawn into the Fluxion 
of the Abfcifs AC. 

135. Or^ (without the Suppofition of any 
indefinitely fmall Quantity.) — Let the Cylin- 
der LM be generated by the parallel Motion 
of the Circle LK along the Line LN ; and, 
at the fame Time, the Solid ADG, by that 
of. the concentric and variable Circle IH, 
which, at the Vertex A is fuppofed indefi- 
nitely fmall, and continually enlarges as it 
moves along the Curve AD. Then, it is 
plain, the Solid ADG will increafe Jlower^ 

or 
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or flow with a lefs Degree of Velocity, thaa 
the Cylinder L M, before the generating 
Circles arrive at the TcrmFB; and after^ 
wardsy jajier^ or with a greater Degree of 
Velocity: therefore, at the faid Term, 
(where the two generating Circles become 
equal, or their Peripherics coincide with 
each other,) they will increafc,,or flow, with 
the fame or an equal Degree of Velocity. But, 
it is evident, the Velocity with which the Cy- 
linder flows, is equal to the Area of its gene- 
rating Circle drawn into the Velocity with 
which it moves along the J^ine LN 5 that is, 
the Fluxion of the Cylinder, at the Term 
FB, is equal to the Area of a Circle whofe 
Radius is CB, drawn into the Fluxion of the 
Line LF or AC : Therefore, the Fluxion of 
the Solid ADG, at the Term BF, is equal 
to the Area of a Circle, whofe Radius is the 
Ordinate CB, drawn into the Fluxion of the 
Abfcifs AC^j as before, 

136. Hence, if we put the Abfcifs AC— jc. 
Ordinate CB?==y, and cz;=zi.i^\^<) &c. =sz 
the Semi-circumference of a Circle whofe 
, Radius is i ; then, the general Expreflion 
for the Fluxion of the fblid Content, will be 
= ry*x : out of which, by Help of the E- 
quation of the given Curve, » or ^* may be 

ex- 
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exterminated : and then, the Fluent of the 
refulting fuxional Expreffion being found, 
will give the Content of the Solid ABF re- 
quired. 

Example I. 

137. To find the Content of a Sphere^ or of 

any Segment of it. 




Pot AC=iA:, CB==y, and the Diameter 
AD=tf . then, by the Property of Circles, 

ax ^x*==y* ; therefore, by writing ax — x^ 

for y^y the general Expreffion for the Fluxion 
of the folid Content, viz. cy^x {Jlrt. 136.) 

becomes :=z:.cxy, ax — x^ rs caxx — cx^x ; 

_ cax* cx^ 

^^^^^—^^^^ =:= the Content of the Segment 

ABF: 



-cxx ax — x^ : 
the Fluent of which is 
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ABF t And, if a be fubftituted for at, wc 

fhall hive 3^^ —ica _^ co?—:^ the Content 

6 

of the whole Sphere ABDF. Hence, be- 

caufe four Times the Area of a great Circle 

of the Sphere is = ca^^ and the Content of 

a Cylinder circumfcribing the Sphere is =k 

i ca^, we have the following 

Corollary. 

Th£ Content of any Sphere, is equal to 
fynr Times the Area of its greatefl Circle 
multiplied into i^ Part of its Axis; or, 
equal to two«^third-Parts of its circumfcribing 
Cylinder. 

E X A M P t fc II. 

138. To find the Content of the Parahottc 
Conoid ABF, generated by the conic or com^ 
mon Semi-^Parabolic Space ABC revoking 
round the Axis AB« 

Put the Parameter z^t tf, AC = ;c, and 
CB±=y J then, by the Nature of the Curve, 
ax zszy\ Now, by fubftituting ax for y\ 
we fhall have the general £2q)reflion for the 

D d Fluxion 
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fluxion oi the folid Content, n)iz. cy^x 
{Art. 136;) = caxx ; the Fluent of which is 
=^icax^ =: (by writing y for ax,) ^cxy^^m 
the Content of the Parabolic Conoid ABF 
required. 

Or thus. The Fluxion of the Equation of 

the Curve, viz. of axz=iy*^ is axz:n2yy i 

• • ■ 

therefore x = — ; which fubftituted for x^ 

a * 

makes the general Expreffion i(x the Fkxion 

of the folid Content, viz. cfx {Art. 136.) 

= ry* X ~ = — ^ s the Fluent of which 

18 =« -^i-.-— (by writing ax for jr*,) -t r;cy* rs: 
the folid Content of the Conoid ; as before* 

COROL- 
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Corollary. 

The Content x)f every common Parabolic 
Conoid^ is equal 7 of its circumfcribing Cy- 
linden 

Example III. 

139. To ^nd the Content of any Com ADG 

nvbqfe Bafe is a Circle. 




D 



. Put the given Altitude AEsrrjj and 

Bafe- diameter GDznb. Let FB be parallel 

to GD ; and put AC=rAr, and ^=.78539 Gfr. 

Then, by Sim. A i, AE : GD : : AC : FB, 

hx ' 

t\e, a:i ::x : — = FB j therfore, the Area 



of the Circle FB is 




xc 



f^V 



D 2 



which 
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which drawn into y, is — - — = the F/«xiV« 



tf* 



of the Content of the Cone at the Term FB, 
(jlrt. i%K.) the Fluent of which is ^— ^ 

c= the Content of the Cone AFB : And by 
fub(tituting a for x, we have — - = \ cb^a 

== the Content of the Cone ADO required. 



Corollary. 

The folid Content of any Cone whofe Bafe 
is a Circle, is equal to the Area of its Bafe 
multiplied into 7 of its perpendicular Alti-r 
tude, 

140. N.B. If Inftead of the Diameter, 
we put the Area; of the Bafe =^by then (bc-r 
caufe iimilar plane Figures are as the Squares 
of their homologous Sides,) we (hall have a^ : . 

biix^i — = the Area pf the Sedtion F3, 
a 

ix*x 
which drawn into x is= — 7- = the Fluxion 

a* 

of the Cone Af B ; the Fluent of which, gives 

6x^ 
the Content of the faid Conp =: i x -- : And 

a* 

iy 
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by writing a for x, we have the Content of 
the whole Cone AGD=sitf^. And, as* 
may here ftand for the Area of the Bafc of 
any Pyramid, it follows, that, the folid Con- 
tent of any Pyramid whatever, is = the Ar^ 
of its Baife multiplied into \ of its perpendi« 
cular Altitude. ^ 

E X A M P J. E IV. 

J 4 1, "fojind the Content of the Solid ASF, 
generated by the Cifoidal Space ABC re- 
volving round the Axis AE *. 

Put the Axis AEc=tf, Abfcifs AC=*, 

and Ordinate CB==y j then, (as was found 

' in Jrt. 47.) x\-=fif^xf : Therefore/ = 

_*^ . which fubftituted for /, makes the 

a — X* 

general Expreffion for the Flusdon of the folid 

Content, viz. cfx {Jrt. 136.) r=^--^ = 
— fjcJx .. • *• ''*'* — 



.X — a 



cx*x-^^ax»y-^ca*X' 



fx*x--caxx—ca*X'-<ai x -^^^^ i the Ftu- 

ent 



mt' 



<t See how the Cifiid is jcneratca. At. 47* ^«*'» 



«o6 Ah introduction Uthe 




int of which^ (becaufe the Fluxion of tho 



hyp» Log; of a — x is , Art. 17. or 114.) 



Ci — X 



IS 



cx^ 

T 



cox* 



ca^x 



cai X hyp. 



Log. of tf — ;c : But when x=o, (as at A,) 

this Fluent becomes =: — ca^ x hyp. Log. 

x>i a: Therefore^ the Fluent correSed 

(by 
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{hjArt. 115.) is 



ex 



3 - 



cax" 



«..« 



ca'x 



— coi-^ hyp. Log. of a — x-^- caix hyp. 
Log. of tf c= (becaufe the DiB^rence of the 
Logarithms of any two Numbers is equal to 

thcLogarithm of their Qjjpticnt,) ^^^"^ ^ . 



x.~^cx-^eaixhyp.l40g. of-—--- : 
Content of the Solid ABF required. 
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i**a 



n. ■■ I ■■ 



* m' 



mat 
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■ ■ III , , „ , 

Miicellaneous ^eftiom with 

their Anfwers. 

I. 

in an UlUpJis ACD, wbofe Foci are the Points 

B and E, if a right Line CG be dranvn 

InffeSiing the Angle BCE ; then will the 

faid Line be perpendicular to the Tangent 

TCN. ^re the Demonfiration? 




Let the Point c be fuppofcd indefinitely 
iicar to C 3 and with the Lines BG and Er, 

£ e as 



2IO APPENDIX. 

as Radii, dcfcribe the Arches Cm and en ; 
then, if we confider the faid Arches as little 
right Lines perpendicular ^o Be and EC re- 
fpedbively, (becaufe by the Nature of the 
Curve the Sum. of the Lines BC and EC is 
always the fame invariable Quantity, and 
therefore the Increment me = the Decrement 
nO,) the right-angled Triangles Cno and 
emo will be equal and fimilar, as will there- 
fore the right-angled Triangles Cmr and 
enr i and therefore, if Cc, the Increment of 
the Curve AC, be fuppos'd to coincide with 
the Tangent CN, the Angles rcC and rCc 
will be equal, u e. aBCT=aECN. There^ 
fore, the right Line CG, which bifledts the 
Z.BCE, makes the aGCT=^lGCN= a 
right Angle. ^ £. D. 

IL 

In an Hyperbola AC, whofe Focus is the Point 
E, and Tranfverfe Diameter is LA=BA 
— AE; the right Line GC, which bijfedfs 
the jingle BCE, is a Tangent to the Curve 
at the Point C. Square the Demonjlration ? 

Suppose the Point e indefinitely near to 

C ; and defcribe tlie little Arches C/» and Cn 

with the Radii BC and EC. Now, becaufe 

2 by 
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A E 



by the Nature of the Curve the DifFerence of 
the Lines BC and EC is always the fame in- 
variable Quantity, {viz.=:LA,) the Incre- 
ments mc and nc are equal : And therefore, 
if the Arches Cm and Cn be confider'd as 
little right Lines perpendicular to Be and Ec 
refpedively ; and Cf, the Increment of the 
Curve AC, as coinciding with the Tangent ; 
the little right-angled Triangles Cmc and Cnc 
will be equal and fimilar. Therefore, the 
right Line G C, biffefting the Angle BCE, 
is a Tangent to the Curve at the Point C. 

SKE.D. 

IIL 

In a Parabola AC, whofe Focus is the Point 
Ey if a right Line CB be draiein parallel 
to the Axisy and the Angle BCE Be bijfeSied 

E 2 by 
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^ the right Line CG j then wiil this Line 
be a T^angent to the Curve at the Pcnnt C^ 
^are the Demonflration ? 




Let the indefinite right Line LB be per- 
pendicular to LE, and LA=:AE ; draw 6c 
indefinitely near ^nd parallel to BC, and Cm 
equal and parallel to Bi ; and with £C, as a 
Radius, defcribe the little Arch Cn. Now, 
becaufe by the Nature of the Curve the Lines 
BC and EC are, always equal to each other,. 
the Increment mc = to the Increment nc j 
and therefore, (the indefinitely fmall Arch 
Cn being confider*d as a liftle right Line per- 
pendicular to Ecy and the Increment of the 
Curve, C^, as coinciding with the Tangent,) 
the little right-angled Triangles Cmc and Cnc 
are equal and fimilar. Confequently, the 
right Line GC^ which biffcdlis the Angle 

BCE, 



BCE, is aTan^fil to the Gur-vc a| thoP^ipt 
C. %,E.D. 

IV. 

%?r<? fke Nature oftk Curve APB ?r— 5^^ 
^gZ&zgf CE, the Diftance of the parallel 
tines AC. and PE, as alfo tbeAigle CAD, 

to be given, W ^" X CDl' = CB)"+"- 




c c 



Put CE = a, Abfcifs AC = x. Ordinate 
CB-_-« and CD = z. Let cd be conceiv'd 
indefinitely near and parallel to CDj and 
Dot, B», equal and parallel to Cc j and put 
nb:=^i mdzz^z : And fuppofe BT a TaP-r 
gent to the Curve at the Point B. Now, by 
^ ' Sim. 
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Sim. Aj, DC : CA : : dm : «rD, i.e.zixiiz'z 



xz 
z 



-T = 



;D>wor B«iand ^:hB::BC:CT,i.e, 



9 

Ct ; or, i5? ^ct. But, 



xz 






a^2f 



« «y zy 

by the ^Ji. a' z' == jr-+« j the 2%/xm of 

which Equation is na' z'-^^ zz=. m-i-ny+'-^y . 

= nJz"-^ ' ^''^^^ fubftituted for 
z, makes the above Value of CT (viz. ^^ 



2; 






(becaufe •?-- — 






a^2^ ' ' n 

1 

Now, this is an unherfal Expreffion for the 
Subtangent of all poffible Parabolas : There- 
fore, when m=n=zi^ the Subtangent will be 
= iXi and the Curve, the common or apol- 
lonian Parabola. ^ E. I. 

l^ofe: Tho' this univerfal Expreffion for 
the Subtangent, feems to differ from that in 
yirt. 42. yet it will be found to exprefs the 
very fame Thing, if we confider that the 
Parameter' drawn into x^ in the Equation of 

m 

the Curve there, is tquzl to a'^z here; for 

here. 



thcQ, m there, will be equal to 



n 



V. 
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het TB he a tangent to the given Curve AB: 
^en, if another Curve AE iejo drawn as 
that its Ordinate CE Jhall always be in a 
given Ratio to the correjpofiding Segment of 
the former Curve 5 Ifay^ BT will be to 
TC as the correfponding Segment of the 
Curve AB is to the Subtangent CX. ^are 
the Demonjiration? 




c Q A X a? 



Put CT2=rx, TB=/, CE=^, ABc=3« : 
And let ce be fuppos'd indefinitely near and 
parallel to CE; and Em^ Bn^ equal and pa* 
rallcl toC^3 i,e, lcimez=y\ and Bbz^z\ 

Novr, 



Now, BT : TG : : ^B : B», i.e. f:s:: z': 



sz' 



=BnocEmi and^m:OTE::EC:CX, i.^./: 

— : : y : -=^- = Ca, or 4r- = t.X. Let 
the gl^rftfi Ratio bf EG td AB be as nib k^ 



x.t. yizw a\ by v z = ^ 5 which Bqaa-' 

tion put into Fluxions^ is 2; rs ^ 1 ihd this 

fubftituted for z; makes the above -^ = CX 

= — ^ (which, by writing z for its Value 

-^, is) = -» 5 therefore / : j : : 2: : CX, /. e. 
a t 

BT:TC:: AB:CX. ^£.D. 

» 

VL 

If a Semicircle AB Be rolled along upon an in^ 
definite right Line BD utitil it meafures out 
a Line eqUaltoits Circumference i then, the 
Curve AD, defcribed by the Point A, being 
the common Sedii^tycloid, (Art. 48.) I/ay, 

. the Curve^lydifitibed by. the Point "Etokih 
without the Gtcle^ ^li be^ ihe CoritriQefl 
or curtate Semi -cycloid 5 and the Curve FK^ 

de- 
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defribed by the Point F taken within the 
Circle^ will be the inflefted Semi-cycloid, 
^are the Demonjlration ? [5^^ Art. 62, 
and Prob. 7 of this Appendix.] 




As all the Cycloids, properly fpeaking, are 
generated by the Revolution of one and the 
fame Circle AB 5 fo therefore, their Bafe^ 
^ill be all equal to BD, viz. = the Semi- 
circle AB. Let the Generant move on till it 
comes in the Pofition ab : To the defcribing 
Points tf, ^,/, draw the brdinates ma^ ne^ pf-, 
land draw LS equal and parallel to EG. Then, 
becaufe the correfponding Ordinates in the 

F f Circle 
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Circle are refpedively equal, it is evident, 
that, t-he Diilances from the Extremities of 
thefe OrdiDates to the correfponding Points in 
the Curves, will be all equal to the Diftance 
moved over by the common Center C ; that 
is, sa-=zoez=, rf-=^ Cc ; each of the faid Di- 
ilances therefore is == BR =5 Arch ^R by the 
Generation. Now, the Seizors Lee and Scg^ 
or Q^ and Pcb^ are equal and fimilar, and 
iimilar to the equal Sedors Nca and Kci : 
Therefore, eg icizzgS : iR; or, (if we put 
the Semicircle egz^za^ Semicircle ab or Bafe 
BD = ^,) as i7 : ^ : : Arch^^S : Arch ^R : v 
Arch E^ : (BR or) oe*y /. e. Semicircle EG : 
GI : : Arch E^ : oe. Wherefore, the Curve 
E^I is the curtate Semi-cycloid. — And, cb : 
cb : : bF } bR; or, (if we pui the Simicircle 
fbz=:a, and Semicircle ab or Bafe BD=:^,) 
as ^ : ^ : : Arch bP : Arch ^R : : Arch Fr : 
(BR or) rf', i.e. Semicircle FH : HK:: 
Arch Fr : rf. Wherefore, the Curve F/K 
is the inJkSled Semi-cycloid. ^. E. D. 

vn. 

Let tbe Curve ABD be a given curtate Semi^ 
cycloid^ i. e. an exterior Semi^cychid^ pr 4 
Semucychid tbe Circumference of nvbofi 
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generating Semicircle AGF is greater than 
its Bafe FD. ^are the Paint ofRetro^ 
greffion B j ^r the Point C in the Diameter 
AF, where the Ordinate CB is a Maximum, 
or the greateft pojjible f [ See the pre- 
ceding Proh.] 




Put the generating Semicircle AGF=^^, 
Bafg FD=:^, Radius EG=r, EC— x, and 
Arch AGs=zz : And let eg be fuppofed inde- 
finitely near and parallel to CG, and ng equal 
and parallel to C^; i.e. \ttng=ix, and 
Ggz:zz\ Now, by 47E. i. CG = (r*— a^I^; 
and, if the Increment Gg be fuppofed a little 
right Line perpendicular to the Radius EG, 
the A J CGE and ngG will be fimilar ; and 
therefore CX5 : GE : : ngigG, i. e. c*— x*)^ : 

F f a c:i 
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ex 
c :: X :z =z 




c^—x^^* 



bz 
By the Nature of Cycloids, ai bi\z: — 



GB 5 therefore, CG+GB = T^^^^^ + — 

a 

= a Maximum by the ^eji. the Fluxion of 

« • f • XX I OZ • • 

which IS — >.-4 =0} whence z=. 

■ ■ = (becaufe z by the above is =) 

t; which Equation reduced, makes 




be 
ax:szbe. or X = — = EC. 9. E. L 

a 



Observation. 

If the concentric Semicircle HSC be 
drawn equal to the given Bafe FD % and the 
right Line HI be drawn perpendicular to the 
Diameter AF ; then, when the Point I ar- 
rives at the Bafe FD, the Point A will be in 
the Point of Retrogreffion B. For, 

If we draw the Line CN equal and parallel 
to^ the Bafe FDj then, by the laft Frob. 

when 
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when the Point H generates the common 
Cycloid HKN, the Point A will defcribe 
the Curve in ^eji. And, iince by the above 

be 
Solution, X = — , which by Analogy is ^ : 

biiciXyi.e. Semicircle AIF : (FD <x) Se- 
micircle HSC : : EF : EC; therefore, the 
Point of Retrogreffion B, will be in the Bafe 
CN, of the common Cycloid, produced : 
Confequently, if AS be drawn a Tangent to 
the Semicircle HSC; then, when the faid 
Tangent coincides with the Bafe CN pro- 
duced, the Point A will be in the Point of 
Retrogreflion B : But, when die Point S 
comes to the Bafe CN, the Point I will arrive 
at, or be in the Bafe FD. Therefore, &c. 

via. 

A 

^are the Content of the eylindrical Ring 
ABDG? — the Radius CA of the inner 
Circumference being given rsz a ; and APj 
the Diameter of the Ring, or of the gene^ 
rating Circle^ :?= b. 

Put any Arch LA=jc, ,78539 fl?r.r=f: 
Suppoie Ci/ indefinitely near to CD; and 
draw the concentric prickt Circle BG, mak-- 

ing 



4£i 
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i 




!ng AB=BD=i 6 : Then, D^, B^, and Aa, 
being confidered as little right Lines perpen- 
dicular to the Diameter AD, the Moment of 
the Ring, viz. Ady will be equal tp the Area 
of the Cirde AD drawn into the Increment 
Bi. Now,CA:Ai^::CB:B3,i.e. tf:x':: 

tf4"*^- ^ + T— = B^5 and, the Area of 



2a 



the Circle AD 3= ^V: Therefore, the Afo- 

IP 

ment of the Ring is s= /> V x xA =s ^ Va<+ 



^r^' 



an 



, or, its Fluxion = 3 Vx -[- 



the Fluent of this, is == i^x -f- 



2^ 



And 



2a 



l + '^x^Vxs;: the Content of the Ring 




from 
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from L 1 A ; and, by fubftkudog Bac f<x x^ 
we have the Content of the whole Ring :;« 

I -I X iaB*c*sss6*c X 2<»4^.4C=die Area 

of the generating Circle AD drawn bto the 
Circumfepence of the prickt Circle BG. 

EX. 

« 

Given the Point P intbe Radius CA of the 
given Circle AB &c. ^are the Point 5, 

' to which a tangent TB, and right lim 
PB, being drawn^ the Angle PBT may be 
a Minimum, or the leajl poffible f 




Draw the Radius CB. Now, becauie 
the Tangent to a Circle is always perpendi- 
cular to the Radius, it is evident, that, the 
Angle PBT will be die leaft poffible when 
the Aogle PBC ia the greateft. Itislikewife 

cvi- 
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evident, that, as long as the Angle BPC de^ 
crcafcs fafter than the Angle BCP incrcafes, 
the Angle PBG will be increafing ; and that, 
when the Angle BCP increafes fafter than 
the Angle BPC decreafes, the faid Angle PBC 
will - be decreq/ing : Therefore, when the 
Angle PBC is a Maximum^ the Fluxions of 
the Angles at P and C will be equal ; /. e* if 
Vb be fuppofed indefinitely near to PB, and 
the xlittle circular Arch Bn be defcrlbed with 
the Radius PB y then, when the Angle PBC 
IS a Maximum^ the indefinitely fnxall Angles 
^P;^ and BC^ will be equal to each other : 
Therefore, PB : B«: : GB: B^, ovBbiBnii 
CB : PB. Draw PD perpendicular to the 
Radius CB : Then, the Triangles bn& and 
BDP will be iimilar; and therefore, ^B: 
B»::PB:BD. Hence we have CB : PB : : 
PB : BD ; and, confequently, the Triangles 
BDP and BPC are alike ; and therefore, the 
Triangle BPC is right-angled at the Point P ; 
i. e. when the Angle PBC is a Maximum^ 
or the Angle PBT is a Minimum^ the right 
Line, PB is perpendicular to the Radius AC. 

Or thus. Becaufe, by Trigonometry, CB t 
Sine Z.BPC : : CP : Sine Z.PBC ; therefore, 
the Angle P^C will be greateft when the 

Angle 
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Angle CPB is a right one ; but, when the 
Angle PBC is the ^reateji, the Angle PBT 
k the ieqfi poffiUe : Therefore, when the 
faid Angle PBT is a Minitmniy the right 
Line PB will be perpendicular to the Radius 
AC 5 as before. 

X. 

Suppofe the Earth to revolve in a circular Or^ 
bit round the Sun as its Center ; and the 
Moon to revolve round the Earth in the fame 
Manner ; as alfo^ that the T lanes of their 
Orbits do coincide ^ and that the Diameters 
of the faid Orbits are as 340 to i*, and^ 
laflly^ that the Moon performs 13.38 Revo-- 
lutions to every fmgle Revolution of the 
Earth, ^are the Nature and Defcription 
of the Curve generated by the Center of the 
Moon ? — Ory whether the Curve defcribed 
by the Center of the Moon^ in one Lunation, 
be any where Convex towards the Sun ? 

[ See the Gentienua^s Magazine for September 1743^ 
and the Supplement for that Year.] 

Let S reprefent the Sun ; E, the Earth ; 
E^^, an Arch of the Orbit of the Earth pafled 
over by its Center in one Lunation of the 
Moon 5 the Circumference of the Circle 

Gg EAB 



4 ^ w 



f«^ 
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EAB = the concentric Arch Kaa\^ Then, 
(bccaufe 13.38 — 1=^112.38 is = the Num- 
ber of Lunations in a Year, or one Revolu- 
tion of the Earth,) when the Moon is in Con- 
junction with the Sun, the Diftance between 
the Sun and Moon will be jgreater than the 
Diftance or Radius SA, Now, the Curve 
defcribed by the Center of the Moon, is the 
fame as that defcribed by a Point M (EM 
being the Semidiameter of the Moon's Orbit,) 
carried round by the Rotation of the Circle 
EAB on the Arch Ka : It is therefore of the 
CycloiJal Kind, having a Point of contrary 
TlexurCy if every Cycloid defcribed by a Point 
within the generating Circle, i&.infleSled as 
well upon a \ circular as upon a reSlilinear 
Bafe. In Ordei' to determine which. 

Put SA or S^ = a, EA or ea = b, EM 
or em nr: r, amz=r^ and aGz=is ; and let mQ 
be the Radius of Curvature at any Point triy 
and «C indefinitely near it. Then, ^^ and 
ac being the indefinitely fmall contemporary 
Arches with mn, and confequently the Tri- 
angles amc and anc equal in all Refped:s ; if 
we confider the faid little Arches ac and ac 
as little right Lines perpendicular to. the Radii 
ec and Sr, we fliall have the L.man=iZ^cacz=i 
(becaufe the Angles eac and ?>ac added to ei- 
2 ther 
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ther Side of the Equation make it two right 
Angles,) A.aeC'^'jL aSc. Now^ Sa: ea :: 
Z- aec : jL^Sc ; and Sa : Sa-^ae : : z^aec : jLaec 

^l^aScj I.e. a: a-^^b : : jLaec : Lmanr^, -3!Lx 

l^aec. Again ; in any Triangle, as Gmc^ if 
the Angles mGcy mcG, and amc the Com- 
plement of the obtufe Angle to two right 
Angles, be indefinitely fmall, they will be 
proportional to the oppofitc Sides /»r, friG, 
and Gc; (which fee demonftrated in the 
Note below.) /. e. Gc : mG : : jLamc : LmcG ; 
and Gr-r-wG \Gc w L.amc-^L.mcG : 2L amc^ 
I. e. ma : Ga : : jLcGc : z. tfw, or r : i : : 

s 
iL,a€C : LAnc = — L,aec. And again, i^aQn : 

2r 

il^«C : : ^« : ^ C, /. ^. unan—jLanc : z./?w : : 



am : ^C, or — ' Z-^^r : — L,aec : : r : 

tf 2r 2r 



ars 



aC =: — n — 7 • Confequently, ma+ 

2ar-\-2ar — as ^ /' i 

2^r*-j-2^r* r* 



^C=:/«C=: 



2tfr4-2^ri — as as 

za-^ib 

the Radius of Curvature at any Point m. 

Now, 
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N0W9 as this Expreflion for the Radius of 
Curvature, muft be Affirmative on one Side 
of the Point of Infledion, and Negative on 
the other ; or, fince r muft be more than 

on one Side of the, faid Point, and on 



as 



the other lefs -, therefore, at the Point of In- 

' as 
fleftion, r = — ; — t ; which fubftituted for 

r, makes IGmxmaj i.e.) rr— r* = 

^f ^..^ = (becaufe Gmxma=zbmxmd=:\ 
2a-^2d\ 

h^ — c^ ; from which Equation, we have s =s 

7,a^2bs/b^-<\ Q^^ to find r, fay2tfr + 
^/zab-^-a^ 

2br=iaSy or i = — -i — 5 then (G;»X w^=) 

which Equation gives r z= ^ — r--7— > when 

the Point m falls in the Point of InJkSlim. 
Now, as ma (r) muft, by the Nature of the 
Circle, always \k greater than md 5 that is, as 

■ ?~, -^ muft always be more than 
a^zb '' 

and 



-r*= — ~ ■ = (^;w X md=:) b" 



7 
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than^^ — c]*j 



^ 



J. c. ^V y — than h — € X ^^ — c ; lb I 

fore, (^/») r muft be always more than — 

in Order to a Point of Infledlion's taking 
Place in the Curve. But, in the prefeht 
Cafe, ^, b^ and r, being as 12.38, i, and 

I ^ ^2 8 A* 

•* "^ or .039; therefore, tf is i^ than 



340 '' fl-t^' 

and confequently, the Curve M»/«, generated 
by the Center of the Moon, has not a Point 
cf contrary Flexure, or, is no where Convex 
towards the Sun. ^ E. /.' 

Corollaries. 

• I. When r=j, that is, when the Point m 
coincides with d, the Radius of Curvature 

—-^/•i by Analogy, a-^zi : a : : r : aC^ 

that is, SB : SA : : «w : aC. 

2. When tf is infinite, and r-=i ; that is, 
when the Bafe becomes a right Line,, and * ' 

the 
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* 

the Point m coincides with dy or the Curve is 

the common Cycloid ; the Radius of Curvature 

will be =: 2r : For then, zbr^ and 2^r, will 

be infinitely little in Comparifon of 2 jr* and 

ar^ and therefore may be rejefted. 

3 . When a is infinite, that is, when the 

Bafe degenerates into a right Line, or the 

Curve is the common InfleSled or Interior Cy- 

^loid^ (as in the annexed Fig.) if the Tan- 




gent B^ be drawn ; the Point of Inflexion 
will be in the Line gm parallel to the Bafe ; 
that is, if AM be perpendicular to MB j 
when the Point A comes to the Bafe, the 
Point M will be in the Point of Inflexion : 
For^ when the Point m is in the Line gm^ it 
is evident, that, am will be equal to B^, 
and the Triangles B^E and ame equal in 
every Refpeft; and, becaufe the Tangent to 
a Circle is perpendicular to the Radius, the 

jLame 
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/^ame-=rz a right Angle: Wherefore, by 

47 E. I. tf^* — m|*=^*; that is, (if ;» be 
the Point of Inflection, and not othcrwife,) 

^*— ^*=r*= f^^^I^* • i.e. ^*— <*=:^*II7» 
X — ; — 7 ; but, 2^ being infinitely little in 
Rcfpfed of Cy therefore , is infinitely near 

to Equality with — , i. e» = i j ergo^ &c* 
[See Art. 62. tfW Prob. 6th ^/i&/j Appendix.] 

Note^ That the Angles /?^Gr, mcGy and 
tfwr, when indefinitely fmall, are as the Sides 
mcy mGy and Gr, (as they are faid to be in 
the dbovc "Solution ',) may thus be proved. 



Let the A be circumfcribed by the Circle 
cmG : then will the Arches Gm and tnc differ 
infinitely little . from thglr Chords Gm and 
fncj and therefore may be taken as equal to 
them : And, fince the Angle at the Center 

of 
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of a Circle, is double the Angle at the Peri- 
phery; therefore, the Arches or Chords 
cm and mG^ are the Meafures 6f double the 
Angles tnGc and mcQ reipedtiVely ; or, the 
Angles mGc and mcQ are to fcach other as 
then- oppofite Sides cm and wG : And, be- 
caufe the Kn^z amc is equal to the Sum of 
the Angles mGc and mcG ; therefore, the 
Meafure of it. Is the Sum of the Arches or 
Chords cm and mG\ which differing infinite- 
ly little from the Side or Chord rG, may be 
confidered as equal to it : Ergo^ &c, 

XL 

T^ Fluxion of the Hyperbolic Logarithm of 
any ^antity^ is equal to the Fluxion of that 
Quantity ^ divided by the ^antity it f elf. 
Stuare the Demonftration? (See Art. 17.) 

Let DABC be an Hyperbola, whofc 
Afymptotes are the perpendicular right Lines 
OEandOH; and its Parameter AP, which,' 
by a Property of the Curve, is = PO. Now, 
if AP or PO be put = i, and GB or HC 
be drawn parallel to PA; then, the Space 
PABG will be the hyperbolic Logarithm of 

OG 
Hh OP* 
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V. 



oc 

•— =, i. e. of OG J apd the Spapc PACH, the 

OH 

hyperbolic Logarithm of -— , /. e. of OH j or, 

the Space GBCH, the hyperbolic Logarithm 

OH 

of ^r^; <if<rt For, by fhe P|:opjfrty of the 

Curve, ( See Stoned De UHofpitats Conic 
SeSiions, jirt. 226.) when OP, OG, OH, fifr. 
are in geometrical Proportion continued, the 
Spaces PABG, and GBCH, fiff . will be 
equal j that is, the Spaces PABG, PACH, Gfc. 
will |)e in arithmetical Progreffion. So that, 
the Flupcim of the Space PABG, is the 
pluxion of the hyperbolic Logarithm of 0(^ : 
Now, the Fluxion of this Space, (putting 
^(3=^, aiad GB=y,) is. (byArt. 122.) ==: 
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yx. But, by the Nature of the Curve, OG : 
OP::PA:GB, i.e. i+x : i :: i :;r =i 



: Wherefore, yx 



X 



the Fluxion 



of the h)^rbolic Logarithm of i -}-Jc. But, 
the Fluxion of i+x, divided by i-j-x, is 

i ot, the Fluxion of the 



likewife 



i-f^ 



Space PABG expreffing the hyp. Log. of the 
Line OG, is equal to the Fluxion of the faid 
Line, divided by the Line itfelf. ^E.D. 

N. B. By a Space or Line, ii meant iff 
Numerical Meafure. 

XII. 

if the Hyperbolic Logarttbm of i be o^ what 
is the Hyperbolic Logarithm of tot (Sec 
Art. 17.) 




O 6 i-P 



H h a 



LsT 
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Let 0£ and OH be the Afymptotes 
of the redlangular Hyperbola DAC, whofe 
Parameter is APs=:PO=:i. Then, the Area 
of the Space PA^/ will be the hyp. Log. of 

^ , /. e. of Op : The Area of the Space 

OP 

VAcb will be the hyp. Log. of — r , i.e. of 

—-7 : And, the Area of the Space bcap will 

be the hyp. Log, of 7^ • C*^^ the preceding 

^ejl.) Now, to find thefc Areas : 
i<>. Put P^z=x, and bc=zy ^ then, by the Na- 

■ 

ture of the Curve, v= ; which drawn 

•^ J— X 

( • 

V 

into Xi is yx = ==: (he Fluxion of Ptf= 

. i-^x 

(by throwing into a Series) Ar-f-ATA-j- 

• X* *'x4-^"^+ 6fr. Therefore, the Fluent ^f 
this Series, 'viz. x-f-lx^-^f Ar^-}'*^*+^'^^+ 

2°. Put P/cr^x, and paz:=y -, thcny = — y- , 

and 
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and yx = --j— = the Fhnebnof P^ ac (by 
throwing --j— into a Scries) x — xx+x*x-^ 

— jc''x -f Qfr. Therefore, the Fhicnt of this 
Series, viz. x-r- i:Af*+ f x' — \x^Ac f ;c5— tx^ 

^. iassjP^. 

Rende, 



■»- ■». 



\i Yhzs^f^ ^ Area hffi^ via?. th^Swa of 

Pr andP^ will be = axix + ixJ+f^^'t' 
ix^+ix9+-A-x"+Qf^. And Pf— Pia will 

be » x*+*x*+tx^+ix«4.-|^^^+*x»*+^.^ 
That is, if Ofcc. 9, and ^32;P^£=xx=:£ a ; 
thfiB, by fuhAiftattng »i for x, we fhall have 
^tf = ,2006706954 ©r. and P^ — P/is= 
•0100503358 @^c. half of which added to 
half ^^ \% .1053605156 fi^^^rs^P^trsthe hyp* 

Log. of 1 . And if Obzoi .8, and ^P«: P/ 

•9 
=-:x== .2 5 then, by writing ,2 for x, we have 

^75=405465 108 1 G?^. =;: the hyp. Log. of 

1 2 

-^ J and Pt- — Ptf =:= . 04082 1 9945 ®V. half 

of which fubtradted from half ba^ is 

.1823215567 GfiT. 
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•1823215567 &c.:ssPa=: the hyp. Log; of 

1.2 

-^ or 1.2 } and this fubtraded from ia^ leaves 

J. 

.2231435513 ©f. = Ptf=the hyf?;Log. of 
•— . Therefore, by the Nature of Loga- 

ridms, the hyp. Leg. of ix ~ x 1.2, viz. 

of 2, iss= .1053605156 ®i:*+.405465io8i &c. 
4- .1823215567 ^<-. =.6931471805 &c, 
Agd the hyp. Log. of 2', war. of 8^ is = 
3X6931471805 &c.z= 2.0794415416 &t. 

And the hyp. Log. of 8 x 4 , viz, of 10, i^ 

■ .0 • 

== 8.0794415416 &c. + .2231435513 &c,' 

ps: 2.3025850929 Gff. ^E.I. 

{See AiMc's iHofifr. Dia. under the Woid Legtmtbm.'\ 

XIIL 

JJi /i6^ C//n;^ ABD, whofe Equation (putting 
AC=x, CB=y, W //&^ ^i;^« r/]f ^/ Line 

AD=:tf,) /V /zx— x*=^-|"J'* s required the 
Radius of Curvature for any Point \ and 
a geometrical ConJlruSiion to illufirate and 
cofjfirm the Work. 




Th5 
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The "Fluxion of the given Equation of the 
Curve, ]&ax — zxi::s=^-\'Z^ i which, mak- 
ing x=i, is tf — 2« == tfy + ajy J and the 
Fluxion of this Equation again, the Fluxion 
pf y being coniidered 9& Negative, is — 2 
P= — 4^^2y* — zyy. Hence wehavej^ss 

±=H, y* = f -^^+^' , and jf ~ 

Nature of the Curve, 8<iy+8_y*=:&«x— 8x% 
pr 8tfy+8/— 8tfx+8jc*=s:o,) a£:-.Now, 

tf+2jM' 

l>y fubftituting for^' and y thefc their Values, 
in the general Expreilion few the Radius of 
Curvature, which wa^ found in j^t. 71.=: 




when x^ ss: I and the Fluxion of jr Nc- 

y 

gative ; we ihall have 
za^+^ajf+Ay* — ^x+4x^ ^ tf4-2yl» __ ^^^ 

tf+2/ I 4«* 

caufc 4tfy+4y»— 4Jx+4x»=:o,) ^^ x 



E^ ==£!!== Ik =:= ilitf = the Ra- 
4^-4^ 4 

dius 



i^<» 
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ditis of Curvature for any Point B required ; 
which beiag a fixt or inv^dable Quantity^ 
|m)vtt die Curve td be an Arch cf a Qrclc. 

Now, if the Radius pf a Cirde httl^ai 
then, i? is the Side of its inicribed Square, or thb 
Chord of go^. as the right Line AD : For, 
if the £ud righrUne AD be biiTeawl 19 F, 




and the Perpendicular FE drawn=: AFssi^ ; 
the Point E will fall in the Center of the 
Circle j and confequently, the Radius will 

beAE (=,EFFfFAF)*) = 



And, that x, in the given Equation, mu0: 
flow in the faid Chord AD, may be thus de* 
monftrated. To any Point C, draw BC per- 
pendicular to AD, and let it be produced till 

it 
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it meets the Circle's Periphery in G; and 
let HI be drawn parallel and equal to AD: 
then, 'tis evident, that, CK=!=AH=AD, by 
ConftrudUon ; and KG=CB, becaufe AC=s; 
HK, aifd ABsHG; therefore, CG^AD-f 
CB : But, by a Property of Circles, AC x 
CDssBCxCG, i.e. (putting AD=tf, ACssx, 



and CBrsrj^,) x>c a — x == / x tf-j"jf, or ax — x* 
(c= ay^^. Therefore, tSc. 

From the Conflru£tion here given, it ap* 
pears, that, the ^fiim may be infinitely di-* 
irerfified, fo as to be adapted to apy regular 
Polygon, of an even Number of Sides, that 

can be infcrib'd in a Circle. We iee here 

alfo, a Demonftration of the Juftnefs of the 
fuxinnal Calculus^ as made Ufe of ^bove^ 

XIV. 

Let the given right Line CG, in itsjirj Si- 
ttMtion^ coincide with the right Line AE ; 
and let the End G move along the right 
Line ED infuch a Manner^ that the ether 
End C may pafs on with an uniform Motion 
from AtoE*^ ifnd, at the fame Time^ f^ff^fi 
a Point B to move in/itb the fame uniform 
Motion^ from C along the Line CG : Tben^ 
by the Motion of this Pointy will the Curve 

I i ABD 
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ABD be defer ib'd. Now^ BF being always 

parallel to DE, 'tis required to find the 

. Point C, in the Line AE, moben CF « u 

Maximum. 



B 




PtJT A£=£=ED3aCGi;=tf, AFbsx, and. 
AC=CB=«} then CFr=^K^«, BGsaar*--^?, 
and FE=BH=tf— vv. By Sim. Af, GB • 
BH : : BC : CF, i.e. 4f~-^ : a — x \\%\ ^r"^; 

V ax — az — ;if5;-|-5?*=:/?s;— ^5?, or, ax^^2as; 
•^- jc*=o; which in Fluxions is ax — 2^;2J-f- 
2zzz=:zo \ But, when CF or x — z is a Maxi- 
mamy 'tis evident that xizzz ; therefore, bjr 
dividing by x or 2;, we have a — 2/?--|-22;=:o, 
or 2Z:=ia ; and therefore 2;=r4tf, or, the 
Point C bifledls the Line AE when CF k a 
Maximum. ^E.L 

•r 

Cqrol- 
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Corollary, Since CB=iBGj there- 
fore, CF=BH=;nFE=^4:CB ; and confe- 
quently, w^en th© Angle AED is not an ob- 
tufe, but a Tight Qne, the Z.BCF will^ 
when CP ia a Maximum^ ber=6Q^» 

XV. 

4 

Let tbe^ghen right Line AN turn uniformly 
round the P^int A as a Center ; and, at the 

' Jitme Hime^ let a Point bejuppoid to pafs 
with an uniform Motion y from N, along 
the right Line ND, equal and perpendicular 
to tbefaid Line AN, and fuch Velocity ^ as 
to arrive at D at the fame Xime that the 
faid Lines come to be in their firji Situations 
^hen, by this Pointy will the SpiralNFMD 

* 

be defcrib'd. ^are the ^ea of any Space 

NEf^MFN ? 



Put AN = ND = tf. Circle NEN i=r*> 
yM=:^, Arch [jM=:x, AM==y, ArcH l^Eih 
=2;, Mm'sizx\ and pn=zz\ Now, if wc 
draw vC perpendicular to AM, the Moment 
or Increment of the Space NEyM/^t, viz» 
vMmnvy will be = t CM x Mm = (bccaufe 
AM : My : : vM : MC, ory :v::v : MC=:^ 

therefore, the Fluxm of th? faid 

112 Spacj^> 



77 W 



i\ 
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I 

Space) which is =ss the Fluxion of the Space 



v^x 



in ^ejiion, is= — . But, it is plain from 

the Generation of the Curve, {vd) aii::,vz 

z=: — , and (Ay) a:y:: z:x=-^=;=^x 
a \ y y a . a 

— zrz — ; which fubftituted for x. makes 
a a 

the above Fluxion of the Space in ^eflion ==: 
; the Fluent of which, is -- — i the 

Area of the Space required. And, by writing ' 
a for Vy we fhall have the Area of the whole 
fpiral Space NENDMFN =;i tf^= ^thc 
Area of the Circle NEN. ^U.L 

XVL 
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XVI. 

Let the Semicircle APC turn Unifdrmfy round 
the Center C ; in one Revolution of wbicb^ 
fuppofe a Point to move mtb an uniform 
Motion along the faid Semicircky from C Jto 
A : Then will this Point generate y tnr de» 
fcribe^ the Spiral CBA *, the DireSlion of 
which, at any Point B, li required. 




Let the Point i be fuppofed indefinkeif 
near to B ; and with the Ordinate CB, as a 
Radius, defcribe the Arch PB/r. Put the 

Radius 
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^ius EB=^, Arch CB (of the geneming 
&mian:le)==^, ArdrPB = ;,, Ordinate 
CB«/ J aud a5;=^^, A,~y, n^w, « : 2v : j 

;^ :5" V^ ^'^' ^^^"^^^ ''^ *« Property 



\-_l« ^ 



-^'•ss-?^ • or v^^-^y^ u'l.^ 
quation gives ^=s:,-.2£^. Hence we 



have * = . ., 




» V.' ' 

which fiibffituted for x, makes ^ rthe ^e 



ncral ExpreiSbn for the SubtangenC CT 

w/iich is perpcfldicnlar to the Oidloate CB \ 

U ^x ^ , = 4y' __ - 

2BC.X 2BC ,, .• 

^ — = (by making fip := FD,) 

BC X 2B C -- 

~BP Hence the following Cbn- 

^BC, and the ^CIT=:^CFB • then, T is 

• • • .. 

; c ' the . 



^ ! 



\ 
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the Point from which the Tangent to the 
Point B muft be drawn : For then, the right 
angled Triangles FBC and ICT will be iiini- 
lar i and therefore, BF : BC : : IC : CT, i. e, 

BF:BC::2BC:CT= SS^i?^; there, 

tit 

fore, &c. ^E.L 

CoROL. Since ^c= -^, and Bnzsz^ t 

a za 

therefore x or x';f=z/^Bn. 

XVII. 

Jfa heavy Sphere^ wbo/e Diameter is 4 Ificbes, 
be let fall into a conical Glafs ftb full of 
Watery wbofe Diameter is 5 Incbes and 
Altitude 6 5 bow mucb oftbe Spbere will be 
immersed in the Water? 

Put the Altitude AL=:6=:i7 ;. Radius 

LE=:2.5=:^j 3.14159 S?C.= r; BD, the 

Diameter of the Sphere =4=^; and BI, that 
Part of the faid Diameter under the Water. 
= X ; then, ID z^d—x. Now, the Capa- 
city of the Glafs is == i ab^c -, and therefore, 
by ^e^. the Quantity of Water in it is =:;= 
^ab^c. By the Property of Circles, BIxID 
c=io)% i.e.dx'-rr-x^^the Square of the Ra- 

dius 



94^ 
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dius of the Se^on of the Sphere; therefore 
the Area of the faid Sedtion is^cJx—cx* ; 
which drawn ipto x^ is cdxi-^^nrx^x^thc 
Fhixim pf the 5egment pf t|ic Sphere under 
the Water j the Fluenf of which, is icdx*-^ 
\cx^ sp the Content of the faid Segment* 
Hence, (fimilar Solids being as the Cubes of 
their homologous Sides,) ^ ab^c la^ ii ^% 

^a*dx* a*x^ 



i?3V-J-i ct/v* — icx^ : i ia3 ^ 



26' 



i^ 
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= All^ But, AE=^a^^i and LE : EA : : 
GC : CA, /. e. b : ^a'^b' ::id: —ya^+i* 

t=CA } ♦.• AB (=AC— BC) = 4-v/^H^ 

20 

— t ^= 3.2, which put = 1^ i then AI= 
e-^x^ and 51]^=: ^^+3<?*Ar4*3^Ar*+^^== (be- 
caufe by the above, AP Is =:)f^^-|- 

—J- — --77— Now, this Equatioa pro- 



2^* b" ' 



^ IMIl > 



duces io^2*-j-io^* .Ar3 -[- 3o^V— ij^V. ;c* -j- 
30^V*x rr: 2^3^* — ' ic^V, /. ^. 422.5^:^— 
i56ox*-f'i920A:=:652 ; which divided by 
422.5, is a:'— 3.6.92x*-|-4.544Ar=: 1.543 : 
Whence x may be found = .546 = BI =3 
that Part of the Dianieter of the Sphere un- 
der the Water. ^E.L 
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